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A Direct Numerical Method for an Exterior Boundary Value Problem
of the Two-dimensional Poisson Equation Using the Method of Fundamental Solutions
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An exterior boundary value problem of the Poisson equation is considered in two dimensions. A circular
artificial boundary is introduced to decompose the unbounded domain into a bounded subdomain containing
a support of a non-homogeneous term and the remaining unbounded subdomain. The governing equations
in the two subdomains, the boundary condition on the original boundary, and the coupling condition on the
artificial boundary are solved directly. The boundary value problem in the exterior subdomain is discretized
by the the method of fundamental solutions. The coefficient matrix of the resulting system of linear equations
is a circulant matrix, and the fast Fourier transform can be applied to the circulant matrix to efficiently obtain

the approximate solution.
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1. &

2 YRt Poisson 7552 2 D A1 R 5 A T % i < 121X
Dirichlet-Neumann 3% (D-N &) WEHTH 5 [12].
D-N (RIS #k (6] 12D KIEfRETH D, X8
RN EDIREANINEH T 2 HEIIREM /ST A — X DEDHEL
D HITHAES B, ek, DUREE %2 KRz 9 2 kT
WARERST A= XD SN T W [11] 793, Bk, Bift
PHERE U E, RERAENT A =R PEHIH
72 [9]. & 512, FEARMTUERE (method of fundamental
solutions: MFS) [1,7] {2 & v [ % s (b U 72 B, K[
175 % REAT5 & § BN 1 IRARRVBENE R, Z
D& D7 1 IRGFEA DML EHE Fourier 2 # (fast
Fourier transform: FFT) # AW TR IZRD 51 5
[3.9,10]. BEANHTRWEGS, FAGEE A NNIXM
BROMEBEIZRETES (5] 728, BERAZENT A —
REBEHATHIENTES., LI, EAFHITIR
STMEICEATERW. TO L, 2RTlETH -7 &
L T%, Helmholtz FRERICEAERZEHT 5 &K
PEBRBEIZ > T UE W, MENERIIR WS
REZEHTS.

LEDOMAHD S, 3 GERENHE 4 O XA HEAAD
AR & REEIZ B &, AL Tl 2 ¥Ro¢ Poisson HFERD
IR IR A I NS 5 BEEMREEZ 2 5.

2. FEIRERRTE

ERIZREL T 572012, 2TV R? 28EEH C
LT 5. ERoNER, € C[0,27] TR LT,
BA I BA AR

I = {R1(®)e? :0<06<2n)

TH /- BEREA FER Q) 2& X5, ZZTO0e
Q) ZIELTE—MMZ2LbRVW., Z0r &, KHHE

¥oue H(C\ Q) %KD BIRD Poisson F5F2 5D A&k
Dirichlet 2% % X 5:

—Au=f in C\Q (1a)
u=g on I'| =09y, (1b)
u@) =0(z™") as |z — oo. (1)

T 2T, HEFUIE f e LH(C\Qo) LBl g € HYA(T) X
BEHIBEECH O, fOBEsuppf:={z€C\Qp: f(z) # 0}
IERTHB LIRNET 5.

JFUIE f OEEFD XS R ATHR T, = (Rye :
0<6<2r} (R, >R () ZEAL, AR C\Q %
A FER 4 QO supp f) &5k b D IEHE T IR Q
IZHEE D EIT 5. REBEE u D Q' ~DHIREE v, QA
DHIRZHUDTu & BL L, NLERT, ETHEAEEM

_ ou _ v

u=yv, a—n = a—n

MDD, 22T, n 3B QT AR T, Lo
AR E BTN 2 PV EERT (K1) .

Dirichlet-Neumann E-f% (D-N G&) A : HY*(,) —
H V) ZIRD LS IZEHET 5

on I 2)

YA e H'2 (). 3)

221z, ve H'(Q) 13X D Laplace £ D AR Dirich-
let RIEDfR % %9

Av=0 in Q, (4a)
v=A on Iy, (4b)

v(z)=0(z™") as o — oo. (4c)
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-1 ATIHERIC K 25ESE

T5&, MiaRM(2) & D-NEH (3) Lo, MEQ X
B2k, ko =ik A FERIZ B 1 2R E A
MEICREEETE 22 hbhb
—Au=f in Q (5a)
u=g on I}, (5b)
@—Au_O on I,. (5¢)
on
3. BEEUE

if,%ﬁ@%ﬁm®@
BURIIZIE, BER T, b

T 5L EET 5.
Z Ny EDE S {Zk}Nbl AT

R T, B2 Ny {O)EIJ—‘T {ZNh|+k}k:1 %%M%Mﬁ\’ﬁ("‘
XOEDS:
Zk = Rl(elk)eie“, k= 1, 2,- . ',Nbb
Ny +k i= Roe™™, k=1,2,...,Np.

Z ZZ, Oy :=2n(k — 1)/Npy, 0o = 2n(k — 1)/Npy, TDH
5. fﬁﬁﬁ@%)ﬁu@%ﬁﬁ% Nb = Nbl +Nb2 T?Ej_ %B
Q%WQVﬂzwﬂ®EE&M%ﬂﬁ%m%Té Bi5
J:ZFEWV‘]@ ,'50)%{“\%5(%:1\7 Nb+Nd VC?{%—;_

IZ, FRZEEES S, BRI, s Q DI
= Ny OB ALNE, 2 RAUZ & D ﬁab %:

&= @™, =120 Ny,
é,Nb1+j :=p2ei92js Jj= 1,2,..., Ni.

22Uz, p1 € C[0,27], pa FENENO < p1() < Ri(6) <
Ry < py B TERAIOMB L EHCTH B, [z,
S Q DHNIBIZ Ny TDWER (L, )5 ZIRRIZE D 5
Z5:

(Nh"‘] p3el(92,, j: 1,2,..., Np.
T2, p3lE0<p3 <Ry 2T TREHIOERTH 5.

(1) MEFS I & % D-N B{& DL
Bz 507 e HY2Z,) i3 LT, 4 Dirichlet [
E (4) Offt% MFS Z AW Ttk d %:

Nz

BIOME B THHER

Z2HZ, (G 1 Gj(2) 1= logle = |~ log el Tk
SNBLERBTHS (48] ZOLE, (6) 1 (4a) &
(4o) Zifi7= T DT, BIFERM: (4b) DAEEZNIT LW

Nia

Zyjéj(zNh1+k) = /l(ZNh1+k)5 k = ]?23 R >Nb25
j=1
TRbLE Cly = A BEOLIED., 222, C :=

(G i(zny ), ¥ = (), A= (Aznya0) THB. WE, C
BKESTHITH B DT, WFHFIDMFET 5. Li=hisT,

y=Ci'a 7
Y RAURED — BT LS. (T) % 6) IKIRALT, Ty
EORATBIT B v OESES OERUEE KD B &,

av(sz) Noa

3G,
(ZNb1+k) Z)’; o L (2N +4)» k=1,2,...,Np,
ERAYpR5)
v, = Cyy 3
= (@ (z, 1) /0n), Cy =
7 % (8) ILARAT 2 &,

’Ei%é. ZZiZ, v,
(0G j(zw, k) /0n) TH 5.

CC'A=v,. )

(9) % (3) DEEALIZAY T 5. L7zhi> T, 174 C.C;!
X D-N B A 2L U R TH 5. 1750 C1, C, 1

IZXKIEFTHITdH % 728, Fourier 175 W = (wV~DE-D)
(w = ¥iNe [J[AlERINF) ZWCFFT 28T &
T, (9) DL ENEMIZEIHET B Z LA TE 5 [3,10].

(2) MPS & MFS IC & 2 NERER SR D EEEL
Poisson AFE —Au, = f % W7z SRR E u, & B
. D-NEH Q) PETHLZ LIZEETDE, (5

0, wy = u—u, FIRONEH T FISFEDMHTDH 5.
Au, =0 in Q, (10a)
up =g —up on I, (10b)

ouy, ou
o Auy, = (a—; - Au,,) on I. (10c)

9, RkfRELU#IE (method of particular solutions:
MPS) 2] IZEDE, u, DIELEEZRD D, HRATZ
4 > (thin plate spline: TPS) ¢(r) := r*logr IZxf L T,
0i(@) =@z —zy4,) LEDD. ZDEE, FEFRIH f
&K o)) 2 HWTEMT 5

Na

f@~ Zﬂjgoj(z), zeQ.
=1

T THT, RERBOB)T AT 1 R

Ny
Zﬁjsoj(ZN},f]):f(ZNl,‘i-j)’ k: 1$2,"',Nd’
=1

W(z) ~ vWV)(z) = Z?’jaj(z)’ ze Q. 6 IHbLEBR=fERMILICIOPEING. T,
= B = (¢jG@n+))s f = (fan+)s Bi=(B) THDH. WE,
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BARERTH L EMET B Y, B=Bf HEENED
T, KRR u, XROBBCELT B Z ¥ R TE B

N
(D) ~ Ul = Y Bidi(D),  ze Q.
j=1

T2z, REBEO)Y & —AD = o ORFKR O(r) =
(1 -2logr)/32 2T, ®j(2) = (2 — zy,4j) TE
HZIND. ZNkD, u, DT, T, EIZBIT25RHEE
[, RIZB T BRI OEUEZ ThTh

Na
@) = ) B0, k=12 Ny,
=1

Na
MLNd)(ZNhH-k) = Zﬁjq)j(ZNb]+k)’ k=12,....Np,
=1

0" % o,

—_ = 3 — N k:1,2,...,N ’
on (2N +1) ,Z;’B T (TN +1) )

Thbb

u, =BB(=BB'f), u,=Bp=BB"f),
u,, = Byf(= B;B”'f)

ERODBZENTED. T, By = (D), By =
(N, k) By = (0D(zn, +0)/0n), upr = (Ul (20),
Wy = (tty @y +k))s Upn = Oty (2, 1)/ On) TH 5.

IZ, (10) DfE u, % MFS % H\WTIRD & 512
I 5:

Np,
@~ @) = Y G, zeQ (D)
j=1

T, (G 1 G2 = loglz - ¢j| TRHEINDIHE
EEKTHE. Z0LE, (11) 1 (102) 2T 0T,
BE5t 4t (10b), (10¢) & i LTHE A NIF L

N,
> @Gy = g) — ul @), k=1.2..... Ny,
j=1

Jj=

Sy 9G; &
D@ ) = A Y @G, )
=1 =1

(Na)
Ou, ™)
= - W(ZNH‘H()_AMPJ(ZN},]#-/{) E k: 1’29-~'9Nb2,
ERAY X

Ara =g —up,
Az — CoCr Ava = —(up, — C2C M ).

22T, Ay = (Gi@), Ay = (Gian, k), Az =
(0G j(zn, +0)[0n), @ = (a)), g := (g(z)) TH .
UEXD, Fe ORBEIXIROESNT 1 IR GREAZEL
ZlIiRET 5
A] _ 8 —Upi
(A3 - CzCllAz)a - (Czcllul,z - u,,,,)' (12)

BIOME B THHER

(12) ZfENTHELNT- o LEITRDZ B %

u(@) = un(2) + up(2)  uN(@) = UM (@) + ul(2)

Np Ny .
= @G+ Y Bi®ia),  z€Q
j=1 j=1

WRATEZET, QB3 u O u™ %KD
BIEMNTES.

4. BUEETEA

AHEICIE, BHRREMEEENZRT. KR THE R
TWAR@EX, ALERT, I2E1)2E0BERE% K
DL rWETES. Lizhi->T, #EYL D-NE&
GO MIEUKBHREL T B0 85 2T hid &
W, FZT, f{HEOED f=0%2KETS. BERT O
R E T, OXREEZINEFNLRO) =1,R, =3, B
Dff% u(z) := Re(1/z) = x/(x> + y?), Dirichlet 557 %
g i=u@) (zel) &L, BfuzRME UTHE Q)
<.

E_E/"J—iﬁ%‘f Nbl = sz = 100, Nd = 0, {)ﬁﬁ%@ﬂﬁ’é‘é
IRARBE S OB PRBEIEL L % ZNZ 1 p1(0) := s7'R(6),
2= SRy, p3 1= 57'Ry (s := 1.4454) £ T 5.

ok E, NLERD, B2 5EOM L BUifiEo
MR R [u(R2e) — u™ (Rye?) (0 < 6 < 27) 2 2 1275
. ZOERNS, BEHL D-N B4 E U < ¥#e
ANLER EIZHIT 25 i %+ ETERTET
Wb ZEehbhrd, X512, NEMETHS D-NEE
AW EDREN 107 RETH S 9] 22 E R
Y, BEFERIZLIBUEMOESLFAEETH D, E
AE+DREEEZELTVWSE WA S,

5. fEEm

AFETIL, 2 IRILHEAFERIZ B 5 Poisson 2
K DI Dirichlet [EEH 2 BUEIIZ AR < 72D DFIHEFIE
LT, BEEMEEL2RG UL, KAFET, ERHVS
NTE 7 KEMRIED D-NE L IERR Y, —EOREET
BOHREDREBLZENTEL LW EEAET 5.
X 5T, REFEIL 2 T Helmholtz HFERX 3 ¥t
Poisson HREAICHRGIZILRAIEETH b, KIEMIEIZ
BOWTRHE L 2 NHEEITE L 52517 XA —&

—_

o
L
[

absolute boundary error
3
>

—

o
4
J

0 /2 T 3n/2
central angle ¢

27

B2 ANITERD, LICHIT 2 EGERRE
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DEEEZRTDBEN L VRIZBWTHHANTH .
U7zh3o T, ARFIRIZIRHE 2SR E BRI U T
FHTHL VRS,

T oI, BUEEIRRR D S, REFHREID-NEEH]
B U CHUEMR DR EDFEREE TH 5 Z L W R X Nz,
SBROMEE LT, ZoEEEEMEFLOD, X
DRI 2 KD D FIENEREIEL I EHEE
ns.
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