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Reconstruction of the Non-homogeneous Term Based on the Regularized Solution
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The purpose of this study is to reconstruct an exact non-homogeneous term from a slightly perturbed one
in an ill-conditioned system of linear equations. A small perturbation of a non-homogeneous term retains
the potential to affect sensitively on the accuracy of a solution. A regularization method can then be applied
to the system of linear equations to obtain a regularized solution, which is a sufficiently good approxima-
tion of the exact solution to the system of linear equations with the exact non-homogeneous term. Hence,
multiplying the regularized solution by the corresponding coefficient matrix leads to the possibility of re-
constructing the exact non-homogeneous term. In this study, a coefficient matrix is considered such that
the row vectors are approximately linearly dependent. The regularized solution is obtained by using the
Tikhonov regularization method with a suitable regularization parameter determined by the L-curve. The
proposed method can then reconstruct the non-perturbed non-homogeneous term from the perturbed one. A
numerical example shows that the reconstructed non-homogeneous term is in very good agreement with the

exact one.

Key Words : Exact non-homogeneous term, Regularized solution, Tikhonov regularization

1. ¥

WM HEROFHEO—2 LTHSATWVS
Laplace /72X D Cauchy Ri/& [2] (& IEEYIRE [3] T
H 3. Cauchy 7 —RIZIEA LT/ NREREDRDIEE
WRELSEERZE5Z2 2. SO0 2RIEDMEITKE
(B3, FALEEEAST 2 0EIET S, —
F, AR EERVED Cauchy 7— X IR L TIEHA
HOMRME SN 3. Cauchy 7— RDFREE ELLED
ZOT, WIThoGHE D EALRIZE DRI T 5
BWifle 23 [4]. L7d3-C, IERMbIEZEAH LA
WIEBIEANLRIC— T 2 B0 & D, 5260
Cauchy 7— X DSRER GO EPEZHIETE 2 E X
bNd. DURTIE, ZoRR%E 2 oE | AR %
BNCEIAS 5.

REATH A e GAIEFRIE b 2 Th

13
A’ﬂ 3mJ’

© 1\20.001)° ©120.004)° ©120.006

eBL Y, FREBITH A DEMHUX cond(A) = 20006 &
ReEhfirrs. ZOrE, 3 D00H 1 XAFER
Ax® = p® k=1,2,3) (D

of x® xzheh

Corx, FHWbEREHAT 2 Z2IckD, HOfR
WX ARy UTCEY) R IERLEERD 5 Z e ST
x 3. FERE, #H1 ZX5EK () eBnT, ERfkEE
LTHBU D REESREZEAT 2, k=1,2,3DW0
FTHNOHE BT EHNEFIZIZIE 2,6)7 2fF50
3. ZOFANLRRIZ x®@ ITIRFE LW e s, ME
PEFVEOIEFXIEIZ bP = (20,20.0060) TH 3
YARTIENTES[56]. 2Dk, FANLEZ
BLT, REEZECIEFIED S HDIEFKIERETT
TEHRIEMNTES.

AT, [6] 2B BMERED N HZWEL, n
JCHENT 1 XA FEFUTHT LT, Tikhonov D IERILIE % FH
WC, #EEZELIEFRIED S BDIEFRIAEETTT
ZeridAD. RET20HET 1 KAEACBIT 3
EFIOEDOETLZEB L, ZhESW-HARRILR
WX DR LT n e 1 KRR OIEFICE AT
WNRY T 5.

2. 270EIM 1 RARRICH TR IEFRIBEDOET [5,6]
FEEB a,b b+ NI WVER e>0%25%, WRe
T 2383 1 KEEROBREITY A ¥ IEFRIE b Z LR
DEIWEDS.

1 a b
) et

2, FHSIIBEARIXA—XTHE. oL x,
32 1 KRR

a _ (17 @ _ (8 @ _ (2 _
x—(l,x—4,x_6 Ax=0b 2)
DfFE
LRE B, FERHEOMINEICH LT, BAKIEC iy (), 9 (- 5
ZLLTWS Z Db s. *e “lo)Tel1 )
- F-01-03 -



© —MRAFEABARGEIER

F-01-03

THY, 6§ DEDOEITIGT T, M x BIRIETZELT S
ZEenbrs.
HAZ 1 XTI (2) DFTH 81D R FE RIS & 2 ER

{bfEix
b (1
e T E () @
ERODOENB. 20DBB) L @) BHELWVWELTSIZ
DWTHEL &, i 1 RAER 2) Of (3) 25 ERINLfE
@ IT—HTHDIZ

eab

0= )
Db, BO)Z b= (b,b+6)T WZRATAZ ¢ T,
BHOIEFRIERG .
—77, IEEIHBAE (4) 3N 1 5K 2) DFE 117D
FHER

x|y +ax,=b
DN VAR —HT B I R TE 5.
3. nIoEM 1 RAEBERDE/K
AIREICEDO X, UMD & 5 IREITY & IEFRIE %

WY 5.
9, n XoeHIR7 L%

a :=(,2,...,n)7

D EITHEHICE 25 (BT DEICFHITERIZ W) .
RZ MLa ZHRLT,

aj:=a;+r; (j=2,3,...,n)

LEDD. T, Srohlt o E v es> 01Xl
T, r; DRI IHIXE (-€,) D—FREL L T2, &
DEE, FREATIIE

A=(aiay - a,)7

TEDDZ Y, FIRT ML ay,as,...,a, ZHSIEE
BB TH 2720, A DEHBIIKREL LS.
R, GReNF=EE b 0L T, HER

T

a, x =b
D/ L g
ba1
Xmin = T 15 (6)
llail?

YROZ. 2, &2/ vaERT. BN VA
fi# (6) N 1 REER Ax =b DR 225 X5, ED
JEFRIA %

b = Axnin

LLTEDS.

M ED X5k L7z nooiar 1 RGERE, #iE
T EiF7z 2 JoE#s7 1 XAEAD BRRIRICKR -
TW3e2EZILN5.

BOME BT HHER

4. EOFFXEDET
HIE XD, HOJEFIIAE & OHESMEN 1 KK

Ax=b 0)
DHEDRIZ
X = A_lb = Xmin (8)

TH5.
DR A U7 IEA O b° 2 HDIEFKIE b & i
THAb £ OFITET:

b° := b + Ab.

22, BRonTa/hE VS > 01T LT, s
TH Ab DB TIIBHXR (-6,6) D—kEELE Y T 5.
PLEXY, #REMEALZIEFXIEE B D ESEM
A7 1 KGR

Ax = b° 9
DS (T Db EEILTEIEEHNE T 5.
WE, cond(A) IXIEFICKEWVWD, (9) DfE

2= A1p0

Z(7) DO (8) ¥ REL B ZWREMENDH B, £ 2T,
(9) {Z Tikhonov DIERNLZEH T 5. TbbH, KR
Zifi7e s x3 BRD 5:

Jg(xg) = min Jg(x).
22z, HEBEEJS X

Jo(x) = [|Ax = BOI* + @l

TERIN, a> 0 XEALRRF X=X THB. ZDL
X, [ &2 n KBTI T 5 L,
x = (ATA + 1) 'ATP° (10)

ERTIEHTES. (10) 13#Y)R 0 ZERZ LT, H
D (8) & RIFIZAMTZ 2 IEAHLETH 5.

TIT, EQIFFREERD 57012, HOfE (8) &
IEHIEAE (10) FEL KRB EIET % &,

ATA+a?D7'ATHY = A7'p

TS b BMETLI N IEFEFERETH S EZ NS,
ZDbEDI EETE,

b" = R, b’
HELND. 22T,
Ry := A(ATA + > 1)'AT
WFIREE EDIEFRIED SRR I RO TEOIER

JIZIETTS 21752 BIKT 5. BonEzz b i3ER]
LRI X =% @ EFHFRF X=X § ITIRIFT 5.

- F-01-03 -



© —MRAFEABARGEIER

F-01-03

5. BEETESG

BUEFIEH L LT, n=40,e=102,6=103,b=1
CIRETS. ZorE, M1ICEDIERRKIED, 84
HRA LU7IEF A b°, 1870 X NI RIE b DK
NEZNEFNE, FH, RO IDRT. EEXEE
B s 2BRICHV S IERfE $F X =& ¥ LT, L-curve
EWCEbREEXNT @ = 1.3016 ZHW3S. s
lb— b0 =33x1073 %L, |lb-b"|=89x107* TH
DT, HILEN b IFEEMRALZ B XD DE
D bRV e bNS.

1.001
[RY
I\
1\
1.0005 | Py h
s |
I
E 1te Qo
g i
2 VAT
g 0.9995 | "
o
© |' —e—exact b !
0.999 + —— —perturbed b
—»—reconst. b
—+—corr. reconst. b
0.9985 : : :
0 10 20 30 40
index j

H-1 EFRADLER

I HICHEIFFENZ 212, BIeEnz b 1ZED b 25
DHLEPITTFNTVBIDD, b ¥ b DT DEINIE
ERIUTHZ 21 oMERTES. 22T, 5
HIERE LT, ED b DE 1 D by BEEHITH % 21K
ET D, COLE, HILEN b OF 1S b, L by
DE b b RFAWT, b %

b :=b"+ (b - )1
YHIETS., 222, 1=(,1,..., DT THB. Tk

BOME BT HHER

BoIb-b|=47%x1070 2D, ELIN-IEFEKIE
DREEDRIBICHETE-Z e bh s, EE K10
TRERDS b DB " R—T DS, b IE b IIFF—H LT
LI RERTES.

6. %R

AR TIFESEAFENT 1 X5 ER DO ERILRZE W
T, BEENRALULIEFEXRE» S EOIFFRIEZETT
T3 eEikAL. IEFXREIERERRD Z & 234
BV, Lo T, R TRELLZFEICLD,
BRIED & B E BEFIEIC & D ELT & 2 alaElE:
M S,
SHOMEIL, XD —RRBBITINICR L TED
JEEXRERERL, ATEEREZSELILTH .

BE X

[1] Hansen, P. C.: Analysis of discrete ill-posed problems
by means of the L-curve, SIAM Review, 34 (4), 1992,
pp- 561-580.

[2] Isakov, V.: Inverse Problems for Partial Differential
Equations, Springer (2006).

[3] Kress, R.: Linear Integral Equations, Springer-Verlag
(1989).

[4] Shigeta, T. and Young, D. L.: Method of fundamen-
tal solutions with optimal regularization techniques for
the Cauchy problem of the Laplace equation with sin-
gular points, Journal of Computational Physics, 228
(6), 2009, pp 1903-1915.

[5] Shigeta, T.: Ill-conditioned simultaneous linear equa-
tions to which the regularized solution almost coin-
cides with the exact one, FAFIZERI KA R, 52, 2018,
pp. 1-9.

(6] BEHIESE: 1581 D RpFRE D ARIC X 2347 1 RI5HE
KOIEFTIADETT, FHRBER TR, 17, 2017,
pp. 43-46.

- F-01-03 -



