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This study presents a novel approach for simulating geotechnical problems including the initiation
and post-failure behavior of discontinuities. The developed method is constituted by a mixed total
Lagrangian—updated Lagrangian Smoothed Particle Hydrodynamics (SPH) method, which the
main characteristic is to distinguish between internal forces within a body and contact forces from
interactions with other bodies as internal stress and collision stress, respectively. Internal stress
effects are calculated using total Lagrangian SPH interpolations, while collision stress effects are
computed with updated Lagrangian. Fractures are simulated by employing plastic deformation as
a damage measure, with fully damaged particles detached from their original body and treated as
a separate particulate material, interacting via collision stress.
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1. INTRODUCTION

Smoothed Particle Hydrodynamics (SPH) has emerged
as a versatile numerical method for simulating astrophys-
ical problems [1,2], and it is currently used in various ap-
plications. Unlike grid-based methods, SPH represents the
materials with discrete Lagrangian particles, allowing for
efficient and accurate modeling of large deformations.

Under this premise, several researchers have used the
SPH method for landslide simulations such as [3,4,5]
and others. However, the appearance of a discontinuities
within the soil mass as the detachment of the landslide
mass happens is still a great challenge.

The primary objective of this study is to introduce a
novel SPH method capable of simulating post-failure be-
havior of fractured soil masses including self-contact in-
teractions. By integrating the stability and accuracy of the
total Lagrangian framework with the adaptability of the up-
dated Lagrangian, our method aims to accurately represent
the complex interactions between intact and fractured re-
gions within a soil mass during landslide events.

2. THE SPH METHOD

The SPH method is a Lagrangian meshless particle
method in which functions are approximated according to
neighboring particles [1,2]. The classical equation for the
the approximation of a generic function f can be written
as

(fi=>Y %fjw(rijah)v (1
J

J

where ¢ and j stands for target and a neighbor particles,
respectively, m the mass, p the density, r;; = x; — x; the
relative position vector, W the weight function (also called
kernel) and h the smoothing length. In this study, we se-
lected the cubic spline kernel.
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In most of SPH applications, the most relevant SPH op-
erators are the spatial derivatives. In the current work, we
use corrected versions of V f developed by [6,7,8] that im-
proves the accuracy of the first derivative evaluation. Such
equations are shown in details for each operator used in the
next sections.

3. FORMULATION

Let us formulate the governing equations using Fig.
1 to illustrate a body under consideration following the
premises of continuum mechanics. The body can be de-
scribed either by its reference configuration (volume 2
and surface I'(y), with position vector X, or deformed con-
figuration (volume §2 and surface I'), with position vector
x. The position vectors are associated by the deformation
gradient. The body may be subjected to prescribed velocity
Dirichlet boundary conditions at I'y (v = v, where v is the
velocity vector), volumetric forces b and external bound-
ary forces. Such boundary forces may be represented as
prescribed forces represented by t (or T) at I'; or by con-
tact forces with an outer body represented by t. (or T.) at
I'.. Finally, under deformation, the body presents internal
forces resulting from interactions between adjacent body
parts, represented by a traction vector t; (or T;). Notice
that we may use the notation of capital letters or the sub-
script index “’0” to represent the reference configuration,
depending on the case.

Internal forces t; (or T;) and boundary forces t. and t
(or Tynq and T) are collectively known as surface forces
[9], and, following Cauchy’s Theorem, the body forces of
the material may be represented by a second order vector
called Cauchy stress o such that t = o - n. A similar
equation can be derived using the reference configuration
as T = P - ng, where P is the nominal stress.

As explained before, the traction vector may be de-
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configuration
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Fig. 1 Schematic illustration of reference and de-
formed configurations and traction vectors for
internal and collision stresses

composed into internal forces t;, contact forces t. and
prescribed boundary forces t. Therefore, applying the
Cauchy’s Theorem for the contact forces, we define the
contact stress o as

te=o.-n @

The concept of contact stress has been first described by
Hertz in 1882 [10,11], and it is one of the key concepts
for the field of contact mechanics. We do not define the
nominal stress for the contact forces because we do not
use it in our proposed method. In addition, we denote the
stress tensor for the internal forces t; simply as o (or P),
for simplification.

(1) Governing equations

Applying the conservation of linear momentum to a
body subjected to all conditions described previously, de-
composing the traction vector as t = t; 4+ t. (we ignore
t, since we do not use prescribed boundary forces in this
method, although its inclusion is trivial), using the Gauss’s
Theorem, transforming into the strong form and rearrang-
ing, we derive

Dv

1 1
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where D /Dt is the material time derivative.

In the current work, we use the total Lagrangian form,
i.e., the reference configuration, to calculate the acceler-
ation caused by o, while using the updated Lagrangian
form, i.e., the current configuration, for o.. Also, using
po 1s easier than p, since pg is a prescribed value that does
not evolve with time. Therefore, we may rewrite Eq. (3) as

D 1 1
2 VP4 V.1 +b, )
Dt po I

where 7 is the Kirchoff stress, and J is the Jacobian of F.
In addition, the evolution of the deformation gradient
can be defined as [9]

DF
B = (Voo v)'. 5)
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(2) SPH interpolations

The current method considers that some of the neigh-
boring particles may be included for the calculation of
total Lagrangian quantities, while others for updated La-
grangian ones. Therefore, the current section explains the
neighboring search criterion to defined whether a neigh-
boring particle should be included in T (neighboring in to-
tal Lagrangian framework) or U (neighboring in updated
Lagrangian framework). Considering a target particle i, a
particle j may be consider a neighboring particle in T if:

T, = {j =12,...,.N | Rij < Ripr A
j € Qz A\ Di,Dj < 1} (6)

This description considers the damage variable D which
is explained in more details in the following section 3.(4).
Accordingly, a particle j belongs to U if:

UiE{jZLQ,...,N | Ti]‘<hinf/\
(]%Qz VD;=1VD; =1V Ry >2h]’nf)}. @)

The last condition takes into account self-contact be-
tween non fractured particles. Also, notice that the above-
mentioned conditions for U exclude any neighboring parti-
cle in T, so there will be no double counting of neighbors.
In the above definitions, R is the relative position vector at
the reference configuration (R;; = X; — X, R;; = |Ry;|)

With the above definitions, it is now possible to apply
the SPH interpolations for the operators described in sec-
tion (1). However, we first define the gradient correction
in order to contemplate neighboring particles in both T and
U:

VWi; =LiVWi; 5 VoWi; = L;VWi; (®)

L=

m; m; -1

( Z —LVoWi; @ Rji + Z —LVWi; ® rji) :
jer, Pi jeu; Pi

©))

Next, we apply Eqgs. (8) to the necessary operators.
Since this topic is general knowledge in the SPH commu-
nity, we simply list the main operators used in this study.
To avoid repetition, we refrain from rewriting the same
equations in the reference configuration, given the conver-
sion can be done by simply substituting U; with T; and V
with VO-

* Divergence of stress (either P or 7¢):

(Verhi= 3 (VW - VWi 1) (10)
JEU; Pi

* Gradient of velocity:

Vo, =3 HIWw, e, -v). (D
jeu; P

(3) Finite strain elastoplasticity
The Hencky model is an extension of the Hookean law
to finite strain theory. Therefore, the stress (in this case,
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the Kirchoff stress) has a linear relationship with the loga-
rithmic strain as

T=0Cy : € (12)

€ = —nB, (13)

where C,; is the tangent modulus for the Hookean mate-
rial, e is the logarithmic strain, and B = F - F7 is the left
Cauchy-Green strain tensor. Notice that the symbol /n in
Eq. (13) refers to the tensor logarithmic operation. As
usual, C,; is described by elastic parameters Young’s mod-
ulus E and Poisson ratio v (or equivalently shear modulus
1 and bulk modulus K).

The current method is based on the multiplicative split
between elastic and plastic deformation gradients (F =
F¢ - FP). Using the logarithmic strain and some logarithm
properties, it is straightforward to derive that € = €, + €.
In this way, using the Hencky model and a conventional
return mapping algorithm, we update the stress as

Tn+1 — Ttrial o A'Ycel :Nn—i-l, (14)

where A~ is the plastic multiplier, N is the direction of the
plastic flow, and the superscript “trial” refers to a trial state

of the stress. To obtain 7", we have
Ttrial — Cel . 6lrial7 (15)
trial 1 trial
e = ilnB , (16)
B"d = AF-B" - AF, (17)
AF =1+ At(Vo@v)T - (F")~ L (18)

As for the contact stress, we consider that it has a simi-
lar behavior as the internal stress with the exception that
it does not produce traction forces. However, since the
contact stress is calculated using the updated Lagrangian
framework, AF. must be calculated as

AF, =1+ AtV av)L. (19)

After that, given that we are dealing with non-bounding
collisions, positive values of the contact stress in the prin-
cipal directions after the return mapping are eliminated as
follows

T =0, if 70— AyCy NI > 0. (20)
(4) Fracture initiation

In this study, we consider the simplest and most classi-
cal approach to calculate fracture initiation, the so-called
strength hypotheses. According to this concept, a fracture
may be initiated if the material is subjected to a determined
stress condition above its plastic yielding. Therefore, we
define a damage variable using the plastic deformation as
follows

D = e,/ €limit < 1, 21

where ¢, is the plastic deformation, which depends on the
yield criterion used and ey, is a material parameter that
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defines the amount of plastic deformation before fracture
initiation.

In our study, as explained in section 3.(2), particles that
undergo to a full damage condition (that is, D; = 1)
are considered as fractured particles, so they behave as a
separated body. In this case, its internal stress is erased
(7 = P; = 0), and its interaction with surrounding parti-
cles are limited to the contact stress.

4. NUMERICAL TESTS
(1) Brazilian test

The Brazilian test is one of the most standard experi-
ments to determine the tensile strength of a material. It
consists of a cylindrical material sample placed sideways
between two plates that exert a compressive force on the
sample. Given a sample of radius R and length L without
a hole, and considering that the sample fractured at peak
force P, the tensile strength of the material is given by
Ot = %

The equation above considers that the material is brittle
and its strength depends only on its tensile stress (that is,
disregarding shear and compressive failures). Therefore,
we have chosen a simple yield criterion that considers only
the higher principal stress o; to describe its plastic behav-
ior. We follow the same material parameters as the phys-
ical experiment described in [12,13], which, among other
parameters, are: d = 5x 1074 m; At = 1x 1078 s; p =
2700 kg/m3; FE =49 GPa; v =049 ;0; = 3.6 MPa.

To compare with [12]’s results, we have simulated six
models with different values of internal radius r for a hole
placed in the center of the sample, and to simulate a brittle
fracture, we set the plastic deformation limit €jjp; as 0.01
%. Gravity acceleration is ignored and the compressive
plates are fixed with a velocity of 0.1 m/s.

Fig. 2 shows the resulting simulation for various values
of r/ R at the beginning (¢ = 0) and end of the simulation
(¢ = 0.005%). Here, the compressive strain ¢ is calcu-
lated as € = y,/2R, where y,, is the displacement of the
compressive plates. Qualitatively, the simulation was fairly
successful, since it could reproduce the fact observed in
[12] that secondary horizontal cracks appears in samples
with larger inner holes. The secondary cracks are also re-
sponsible for the appearance of a second peak in the evolu-
tion of P over time for samples with larger r/ R, as shown
in Fig. 3. Finally, we compare our results of maximum P
for different values of r/R with the experimental results,
showing a very good agreement between them.

(2) Triaxial compression test

This numerical example is the most important valida-
tion test, since our purpose with the study is to develop a
numerical method for geomaterials in which the fractured
material keeps in contact with the original mass. The tri-
axial compression test is a well-known experiment where
a cylindrical sample is placed standing on a fixed base, and
the upper surface is compressed by a cap. The sample is
then loaded in all directions with a fixed water pressure
po, and the side surface is protected by a rubber flexible
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Fig. 2 Brazilian test: snapshot of simulation results for
different values of »/R at e = 0 and £ = 0.005%
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Fig. 3 Brazilian test: graph of P over ¢ for different
values of /R
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Fig. 4 Brazilian test: graph of maximum P over r/R
in comparison with experimental results [12]

material to avoid the water to infiltrate into the sample.
To model this rubber material and the fixed pressure, we
placed ghost particles around the sample that moves with
the same velocity as the closest sample particle and fixed
with a collision stress of . = pol. The geometrical and
material parameters are the same as [14]: height= 10 cm;
diameter= 5 cm; d = 1x 10 2 m; At =2x 1076 s;
p = 1530 kg/m3; E = 3.1464 MPa; v = 0.2; ¢ = 30.5°.
Gravity is neglected and the yield criterion is the Mohr—

LM ETITHERS
e=0% 1% 2% 4% 10%
Po
10 kPa

- 0|.5 -1 D
Fig. 5 Triaxial compression test: snapshots of simula-
tion results for different values of py and ¢

Coulomb with € = 0.1.

Although [14] has used a single value of cohesion for all
of their numerical tests, we used a different value for each
simulation, since its value can be obtained by analyzing
the Mohr circle resulting from the residual value of ¢ (¢ =
oy — Do, Where o, is the stress in vertical y direction), that
is, ¢ should follow

(0y — Do) — (0y +po)sing —2ccosp =0.  (22)

Using the values of residual ¢ observed in their physical
experiment as 50, 126 and 230 kPa for the cases of py =
10, 50 and 100 kPa [14], we derive the values of cohesion
as 8.4, 6.5 and 6.8 kPa, respectively. Notice that here we
consider positive stress as compression in order to show
the results in a familiar style for soil mechanics. In our
numerical tests, we calculate the value of ¢ as the force of
the sample applied to the cap divided by the upper surface
area minus pg.

Fig. 5 shows the simulation for different values of pg
and ¢ = h./H, where h, is the displacement of the cap
and H is the height of the sample initially. As expected,
the resulting shear band follows an approximately 50° of
inclination. The evolution of ¢ also follows a similar pat-
tern in comparison to the experimental results from [14], as
shown in Fig. 6. However, we observed a large peak value
of ¢ at the initiation of the plastic phase in our results, as
well as some sudden drops in between. Such sudden drops
reflect the initiation of a new fracture and the release of
stress in the process.

In our opinion, it would be necessary to use a different
constitutive model such as the Cam—Clay model in order to
correctly reproduce the graphical results of Fig. 6. Since
the scope of this work is to enable stable simulations of
post-failure materials, we consider that this numerical test
was successful.
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Fig. 6 Triaxial compression test: graph of ¢ over ¢ for
different values of p; in comparison with exper-
imental results [14]
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Fig. 7 Selborne experiment: model geometry and ini-
tial pressure condition following [15] (lenghts in
m)

(3) Selborne experiment

The last numerical example is to show an application of
the current method to a real world problem. Here, we con-
sider the famous Selborne experiment [15], where a satu-
rated soil slope of 1 : 2 is loaded with a water pressure
at the bottom of the slope, so that a landslide is observed
at the water pressure of p = 70 kPa. The model geom-
etry and pressure boundary condition is illustrated in Fig.
7. Previously [4], we have already successfully simulated
this problem. Yet, in the current work, we demonstrate that
the proposed method is capable of improving the previous
result by generating a clear discontinuity in the soil mass,
as observed in the real experiment.

Here, the 25 m wide soil slope is divided into two strata,
weathered gault clay and unweathered gault clay, as shown
in Fig. 7. We have simulated this problem with two particle
sizes, and the other parameters are the same as the ones
used in [4]. To simulate the current problem, we included
a soil-water coupling technique based on the u — w — p
Biot’s formulation in the same way as in [4]. Please refer
to this paper, if the reader is interested in understanding the
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Fig. 8 Selborne experiment: comparison of the simu-
lation result at ¢ = 50 s between the proposed
method and our previous results [4] (d = 0.5 m)

Fig. 9 Selborne experiment: comparison between ob-
served photo from [15] and simulation at ¢ = 50
s in a 3D view

details of this formulation.

First, we show the capability of our method in reproduc-
ing clear discontinuities. Fig. 8 shows a snapshot of the
simulation at ¢ = 50 s comparing our results with [4] us-
ing the same particle diameter (d = 0.5 m). In addition, we
show a comparison between the a photo from [15] and our
simulation in Fig. 9 (with d = 0.25 m). From these two
figures, it is clear that our current results are more realistic
in the sense that it reproduces the actual phenomenon of
the detachment of the soil mass during the landslide.

For completeness, we also present a comparison be-
tween the observed shear band [15] and our simulation
(with d = 0.25 m att = 1 s) in Fig. 10. From this fig-
ure, it is clear that our results are reasonably in agreement
with the observed experiment.
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Fig. 10 Selborne experiment:
damage profile of the soil at ¢ = 1 s and the
approximate observed slip surface from [15]

comparison between

5. Conclusions

In this work, we have developed a mixed total
Lagrangian—updated Lagrangian SPH method to simulate
geomechanics problems with clear discontinuities. The
core idea of the proposed method is to separate the internal
forces within a body and the contact forces from the inter-
action with other bodies as an internal stress and a collision
stress, respectively. In this way, the effects of the internal
stress is calculated using total Lagrangian SPH interpola-
tions, while the effects of the collision stress with updated
Lagrangian. Finally, to simulate fractures, we propose to
use the plastic deformation as a measure of damage, so
that fully damaged particles are detached from its previous
body and are considered a separated particulate material
(therefore, their interaction being calculated with the colli-
sion stress).

As for the numerical tests, we validated the method
for tension and shear fracture problems by simulating the
famous Brazilian test adn the triaxial compression tests,
showing good agreements with the experiments both in
qualitative and quantitative terms. Lastly, we showed an
application of the method to a real scale landslide scenario
with the Selborne experiment. The results were reasonable
in comparison with the observed experiment, showing a
clear discontinuity in the shear band region.

In conclusion, we successfully accomplished the main
goal of simulating the initiation of fractures and its follow-
ing post failure behavior. We are aware that the methods to
model the initiation of fractures used in this work are gen-
erally simplistic, so usage of more elaborate methods such
as phase-field may be a next target for future works.
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