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The Gurson model is capable of describing the ductile damage of metals. It is extended to describe the cyclic viscoplastic deformation

behavior by incorporating the subloading-overstress model in this article. It is called the extended subloading-overstress-Gurson

model.
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1. INTRODUCTION

The ductile damage of metals is caused by the growth of the
voids (or cavities). The plastic deformation with the ductile
damage is influenced by the hydrostatic stress even if the base
material is the Mises material, the plastic deformation behavior
of which is independent of mean stress. The elastoplastic
constitutive model taken account of the existence of voids was
proposed first by Gurson [1]. It is often called the Gurson model.
Further, it has been extended to describe the influence of the
nucleation and the growth of voids by Needleman and Rice [2],
Chu and Needleman [3], Tvergaard and Needleman [4],
Needleman and Tvergaard [5], etc. The extended model is called
the GTN (Gurson-Tvergaard-Needleman) model. It will be
extended to describe the cyclic viscoplastic deformation by
incorporating the extended subloading-overstress model
(Hashiguchi [6]; Hashiguchi et al. [7][8]) with the isotropic
hardening stagnation formulation in APPENDIX in this article.
The extended model is called the subloading-overstress Gurson
model.

2.  STRAIN AND ITS DECOMPISITION INTO
ELASTIC AND VISCOPLASTIC PARTS

The strain € is additively decomposed into the elastic

svp as follows:

strain €% and the viscoplastic strain
g=¢gt+¢" )
the time-differentiation of which leads to

@

3. ELASTIC CONSTITUTIVE EQUATION
Let the Cauchy stress O be given by the elastic strain

€® as follows:
c=E:¢ ¢=E'o ®)

which leads to the following rate relation by the time-

differentiation, where E is the fourth-order elastic modulus
tensor. Equation (3) leads to

- 4

$=E:%, #-E"'$ @

5

§=E:(¢-8" )

under the assumption that E is the constant tensor. Here, let

E be given by Hooke’s law:
- E 14
= 1+V(S+1—2V T)’

Bija = ﬁEV[%(énﬁu +8164) + 5 G0 ]

B=2[a+ns-vr]

Eij_kll: é[%(“ v)(SikSji +Gidjk) —V5ij5kl]

(6)
where E is Young’s modulus and V' is Poisson’s ratio, and
S = %(&Mjl +610y), T = 6ijd @

4.  GURSON’S YIELD SURFACE

The following yield condition was derived by Gurson [1]
based on the axisymmetric rigid-plastic deformation analysis of
the rigid-perfectly plastic Mises metal containing a concentric
spherical cavity.

f(o, F, &)
:(%m)z+2§cosh(%%“)—§z—1:0 ®)

where

oy =1/ 3)tre, o1 =4/3/2]6'| ©)

G s the Cauchy stress, ()’ designating the deviatoric part.
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Fig. 1 Influence of void volume fraction in Gurson’s yield surface which is illustrated
only in the first orthant because of the point-symmetry.

F s the hardening function and & is the damage variable

defined by the void volume fraction, i.e. the volume of the base
material per unit aggregate volume. Equation (8) is reduced to

the von Mises yield condition, ie. 0% =F for £=0 in
the undamaged state. The dependence of the yield surface on
the pressure in Eq. (8) is shown in Fig. 1, which is the point-
symmetry in the stress space.

5.  EXTENDED SUBLOADING-GURSON YIELD
AND SUBLOADING SURFACES
The above-mentioned Gurson model will be extended to
describe the viscoplastic deformation induced by the rate of
stress which does not lie on the yield surface in general by

incorporating the subloading surface model (Hashiguchi [6],

O3 — O

Hashiguchi et al. [7][8]) in this section.

The subloading surface, which passes through the current
stress point @ and is the similar to the yield surface in Eq. (8)
with respect to the elastic-core C , is described by the following

equation (see Fig. 2):

f(o,RF, &)

_(&*)? 30m)_s2_q_

_ RI:) +2£cosh(3 RF) £2-1=0 (0)
where R is the yield ratio, i.e. the size of the subloading

surface to the yield surface and calculated from this nonlinear

equation and
&m=1/3)tr6, 6'=6-Gn/3, 6 =+3/2|c"|
(11)

Limit subloading surface
f(6,cmRsF, &) =0

Subloading surface

f(o,RF, &) =0
Yield surface

f(o,F, &)=0

Limit elastic - core surface

f.(C, XF, £)=0

Elastic - core surface
fo(C,71:F, &) =0

Static elastic - core surface

f((_fs, RsF, 5) =0

Om

Zeosh™[(L+ &%)/ ()

Fig. 2. Limit subloading, subloading, limit elastic-core, elastic-core and static subloading surfaces
in two-dimensional stress space (o, 0a —0; ) in axisymmetric stress loading state,
where o, and o} are axial stress and lateral stress, respectively.

- B-09-02 -



B-09-02

6=c-0=06—(1+R)C (12)
a=(1+R)C (13)

Ol stands for the conjugate (similar) point in the subloading
surface to the center of the yield surface, i.e. the origin of the
stress space. C is the similarity-center of the yield and the
subloading surfaces, which is called the elastic-core, since the
purely-elastic deformation behavior is induced when the stress
lies on the point C leadingto R=0.

The evolution rule of the elastic-core C  will be

formulated in the later section 9.

6. EVOLUTION OF DAMAGE VARIABLE
The r.ate of the damage variable, i,e, the void \;olume
fraction f is given by the sum of tlle growth rate f grow

and the nucleation rate of new voids f nucl as follows:

e o .

6 = égrow"‘ f:,gnucl (14)

In what follows, the damage variable will be formulated by
modifying the plastic strain rate to the viscoplastic strain rate.

First, the rate of the void growth would be induced by the

rate of volumetric strain of the whole aggregate, since the base

material is assumed to be plastically incompressible, and thus it

is given as follows (Needleman and Rice [2]):

5grow = (1_ /:)tl’ évp

Further, the nucleation of void would be caused by the

(15)

magnitude of the viscoplastic strain rate and the decrease of the
positive pressure, and thus it is given as follows (Chu and
Needleman [3]):

()

Enuel = &[| &[] +2,(tr 6) /3
where the coefficients @; and @, are the material constants
and ( ) is Macauley bracket, ie. {(S) =S for $>0
and (S) =0 for S<O with the scalar variable S. The
substitution of Eqgs. (15) and (16) into Eq. (14) leads to

E=(@-&)rd"+ay|8"|| +a,(5m)

(16)

F2OMFTETHHERR

with
Rs

63 ZGS—(_ls =—0

R (19)

GS_aS _0—a
Rs "R

osm = (1/3)tros, a89=3/2| 05|l

where Rg

6,—-C= Rs(ﬁy —C) = RSG};C

(20)

evolves by the following equation (see Fig. 3).

Rs— 3”8 ” for évpi O (21)
with
Rs—R
Us (9, Co, Re) = U exp(u gt Cr)cot(% (ReRel)
(22)
Rs (31) is called the static yield ratio because the quasi-
static deformation proceeds in the state R=Rs.

Us (= és/”évp”)

Re 1\3"’3;&0 Rs

~

Re>0

Fig. 3. Function Ug(Rs) in the evolution rule
of static-yield ratio Rs .

The variable ¢ in Eq. (22) designates the elastic-core
yield ratio, i.e. the ratio of the size of the following elastic-core
surface, which passes through the elastic-core C and is
similar to the yield surface (see Fig. 2) to the size of the yield
surface, while it is calculated numerically from the nonlinear

— (L-E)tr &P +a,| 8P| +2,(tr§)/3 (17)  equation,
f.(C, 91cF, &)
_( ¢ )2 3 Cm 2 4
7. VISCOPLASTIC STRIN RATE = ( nmE! " 26 COSh(z nyF) ¢'-1=0
The viscoplastic strain rate is induced by the overstress (23)
from the static subloading surface (see Fig. 2) expressed in the where
following equation which is given by replacing the current stress Cn=(1/ 3)trc, cea= \N3/2 || c' || (24)
O , the center @ and the yield ratio R to their conjugate Further, the normalized outward-normal ﬁc of the
points @ , O and the swatic yield ratio Rsg (1), elastic-core-surface is given from Eq. (23) as follows:
respectively, in the subloading surface in Eq. (10). n af
e pe=Te /1 22|l ape=n es
(65, RsF, <)
35 where
Os Osm 2
+2¢£ cosh -£°-1=0 (s
(R |:) S (2 RSF) g (18)
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ofc __2c®1 oc®

ac ~ (91F)? oc
prsinn(3_Cn )3_1_ &n
253'”h(29%CF 2 ;F oc

2c*d

T () F)Hﬂ

1 €q , . 3 C
F[\/ED%CF e —§S|nh(7%—’:|:)l]

(26)
Assume the associated flow rule for the viscoplastic strain

rate, referring to Hashiguchi [6] and Hashiguchi et al. [7][8]:
gw=rn (I>0) @7

where the positive viscoplastic multiplier f’ is given by

_ n
= 1 (R—Rs) (28)
luv eXp(UCA%(;Cn) 1-R / (CmRs)
where A,, N, Uc and Cm (>1) are the material

constants. Further, N is given by

n- @R /| dGRE || =)

(29)
of (6, R, F, &)
00

c' 3 (30)
el Ve g ||—' i ~&sinh(3 EE) 1]
noting

of (6, RF, &) _
06

20 oo™
B (RF)2 00

3 1 0on

2RF oo
_ 254 9y3/2]lo |l
(RF)2 06

cnf(3om)3 11
~2¢sinh(; o) 77 5!

1 el @ 3 0
=¢[\f§,: T ZRE)]

olle'll _2dlle*lloo’ _ o
0C 0c' 06 | o'

—¢&sinh

dloll_ o
oo ol

0(Grs6rs) 13 1 1

= a0, :§5ir§js5rs =3

O0m
80‘ij

djj

The variable Cp, involved in the viscoplastic multiplier in

Eq. (28) is given by
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Cn=fciA (~1<Cn<1) (1)

which is required to describe Masing effect [9], i.e. the increase
and the decrease of the curvature of the stress-strain curve in the
forward loading process and the inverse loading process,

respectively.

8.  STRESS RATE VS. STRAIN RATE
RELATION
The strain rate vs. stress rate relation is given from Eqgs.
(4) and (27) into Eq. (2) as follows:

¢=E'6+I'

. _ _ (32)
6=E:¢-TE:N=E:(§-IN)
which is represented in the incremental form as follows:
de= E':do +/ Ndt
{dc =E:de — FE:Ndt=E:(de—7"Ndt)
(33)

9. EVOLUTIONS OF INTERNAL VARIABLRES
By incorporating the isotropic hardening stagnation
formulated in APPENDIX, the isotropic hardening function is

given as follows:

F(H) = Fofl+S;[1—exp(—CyH)1},
F'=dF /dH = S Cu F exp(- CuH)

B =RY(A:AYN273]18Y7

where F, is the initial value of F ,and Sy (<1) and

CH are the material constants. R is the isotropic hardening

(34

stagnation ratio and f is the normalized outward-normal of
the sub-isotropic tropic hardening surface (see APPENDIX).

The rate of the elastic-core C is given in APPENDIX in
Hashiguchi [10] as follows:

C =Ce{ &P [L+exp(—C|l 6 || /F)I9c A £°||3 35

where Ce and Cs are the material constants. It is confirmed
that the rate of the elastic-core in Eq. (35) never reaches the

yield surface as known from the inequality

Ac: € =M Cef2P—[1+exp(—Cs| o] /F )% A )|}

=Ce{ Ag: N—[L+exp(—Cs||a || /F)]19% Ne: AT
L= 1
=Ce(N¢:N-1)I"<0 for 9 = — <0
«(Me © = Trexp(—Collo l1/F)
(36)
noting
1

1+exp(—Cg||G||/E)
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1/2 for ||le||/FE=0
)1 Il /E = (37)
TrexpCCy (>1/2) for ||6||/F =1
1 for ||6||/F > o

and thus the elastic-core reaches the yield surface for the
extreme value of the material constant Cg— 0.

The evolution rate of the damage variable é is given by
substituting Eqs. (27) and (32) into Eq. (17) as follows:

E=(-&) i+ al +a(tr[E: (& —M)])/3
(38)

10. STRESS-UPDATE CALCULATION
PROCEDURES
The stress-update calculation for the above-mentioned

subloading-overstress damage model can be performed by the

following procedure.

1) The viscoplastic strain increment d€*P is calculated by
inputting the time-increment dt under the updated

and the
normalized-outward normal N of the subloading surface
in Eq. (27),

2) The internal variables, i.e. H and C are updated by
Egs. (34) and (35) by inputting d€ and the time-
increment dt .

values of the viscoplastic multiplier I

3) The damage variable gg is updated by inputting the strain

rate & and the time-increment dt into Eq. (38).

4) The stress is calculated by Eq. (33).

It is noticeable that this calculation procedure can be
performed by the fact that the viscoplastic I does not involve
any rate variable, so that it is calculated only by the state
variables. On the other hand, the stress rate vs. strain rate
relation must be formulated explicitly in the elastoplastic
constitutive equation, while the formulation of the stress rate vs.
strain rate relation is extremely complex, even if its derivation
is not impossible.

11. COCLUDING REMARTKS

The elasto-viscoplastic damage constitutive equation for
ductile metals is formulated based on Gurson’s yield surface
(Gurson [1]) in this article, which is based on the extended
subloading-overstress model (Hashiguchi [6], Hashiguchi et al.
[7][8]). It would be capable of describing the rate-dependent

cyclic loading behavior of ductile metals rigorously.

APPENDIX:
ISOTROPIC HARDENING STAGNATION

The concept insisting that the isotropic hardening stagnates
for a while after the stress reversal event was proposed by
Chaboche et al. [11]. The concept insists that the isotropic
hardening does not proceed when the plastic strain lies inside a
certain region, called the nonhardening region, in the plastic

F2OMFTETHHERR

strain space. The nonhardening region expands and translates
when the plastic strain lies on the boundary of the region and
the plastic strain rate is induced directing outwards the region.

The extended formulation for the isotropic hardening
stagnation by the notion of the subloading surface concept with
the overstress formulation (Hashiguchi [6]) will be given in the
following.

Assuming that the isotropic hardening stagnates when the
viscplastic strain gVP lies inside a certain region, let the
following surface, called the isotropic hardening stagnation
surface, be introduced.

gEr) =K (39)
where

gP=gP-p (40)
K and P designate the size and the center, respectively, of
the isotropic hardening stagnation surface, the evolution rules of
which will be formulated later. Here, the viscoplastic strain
€VP isregarded as an internal variable. The same situation can
be reminded in the Prager’s lineal kinematic hardening rule.

Furthermore, we introduce the following surface, called
the sub-isotropic hardening stagnation surface, which always
passes through the current viscoplastic strain €P and has a
similar shape and a same orientation to the isotropic hardening
stagnation surface.

9(£*)=RK (41)
where R (0 < R <1) is the ratio of the size of sub-isotropic
hardening stagnation surface to that of the isotropic hardening
stagnation surface. It plays the role as the measure for the
approaching degree of the plastic strain to the isotropic
hardening stagnation surface. Then, R is referred to as the
isotropic hardening stagnation ratio. It is calculable from the
equation R = g(£'P)/K in terms of the known values of

g, p and K.
Now, let the function G (€'P) be given explicitly by
g&"™) ="l (42)
Then, the following relations hold.
avp avp
a=BED- E gy @
08 [E
o g » <~
fi g = T (EP=[|EP|(=)=RK (44
&

The consistency condition for the sub-isotropic hardening
stagnation surface in Eq. (41) is given by
09(E) . oyp O9(EP). 0 35 2.
BED). g PET) 5 gR+AR
0g 0g"?

which leads to the following equation by considering Eq. (43).

(45)

n:(£°-P)=RK+RR (46)
Now, the following mechanical properties must be

incorporated in the formulations of the evolution rules of the

rates of K and p.

1) K and P evolve when the plastic strain rate VP is

induced directing outwards the sub-isotropic hardening
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stagnation surface, fulfilling
n:&%>0, (&")=0 (47)
2 ) The plastic strain gVP is assumed to exist inside the
isotropic hardening stagnation surface. Therefore, the rate
of the isotropic hardening stagnation ratio must be positive,
zero and negative, when the plastic strain gVP exists
inside, on and outside the isotropic hardening stagnation
surface, respectively. Therefore, it must hold that

F:<>0forF§<1

~ I i I (48)
=0 forR=1}; for N:g>0, i.e. (N:g"¥) =0

.

R

) -

R <0 for R>1

3) The rates of K and P increase as the plastic strain
approaches the isotropic hardening stagnation surface, i.e.
as the isotropic hardening stagnation ratio R increases.
Therefore, they are monotonic-increasing function of the
isotropic hardening stagnation ratio R.

4) The following relation lzased on the consistency condition in
Eq. (46) musthold for R =0.
A:(8°-P)-RK =0 for R=0 (49
Let the following evolution equations of K and P
which fulfill all the above-mentioned requirements.

K =CR*YA: &™) . (50)
p =(1-C)R°(A: &M Gh

where C (<1) and ¢ (>1) are the material constants.
The rate of the isotropic hardening stagnation ratioc R is

given by substituting the evolution equations of K and P
into the constancy condition in Eq. (46) as follows:

R EP-(1-C)RS(A: &PA:A) CRTUA:EY)

ﬁ:ﬁvp K
= =i 87~ (U-CIRS(7i: £)-CRe(71: £
= aa (AR for firg®>0 )

which is the monotonically-decreasing function of R fulfilling

=1(>0) forR=0

B (2™ . o ]<1GOforR<l (s
T/7—1—F€ B
R™ N:gY =0 forR=1

<0 for R>1

Therefore, the isotropic hardening stagnation surface is
automatically controlled to enclose the viscoplastic strain, so
that large strain increments can be input in the numerical
calculation.

The rate of the isotropic hardening variable based on the
equivalent viscoplastic strain, i.e. | =+2/3[|8"| is required

F2OMFTETHHERR

to be modified as follows:

K =Ru(f: V21318

where © (=>1) is the material constant.

(54)

The three material constants C, & and U involved
in the formulation of the isotropic hardening stagnation
formulated above can be chosen as C = 0.5, ¢=3 and
v =23 actually.

ACKNOWLEDGMENT: The author expresses his sincere
gratitude to Dr. Shogo Sannomaru, Mazda Motor Corporation
for the valuable discussion on the evolution rules of the damage
variable and the elastic-core.

REFERENCES

[1] Gurson, A. L. (1977): Continuum theory of ductile rupture
by void nucleation and growth: Part | — Yield criteria and
flow rules for porous ductile media, J. Eng. Mater. Technol.
(ASME), 99, 2-15.

[2] Needleman, A. and Rice, J. R. (1978): Limits to ductility
set by plastic flow localization, Mechanics of Sheet Metal
Forming (eds. Koistinen, D.P. and Wang, N.-M.), pp. 237-
265, Plenum press, New York.

[3] Chu, C.C. and Needleman, A. (1980): Void nucleation
effects in biaxially stretched sheets, J. Eng. Technol.,
ASME, 102, 249-256.

[4] Tvergaard, V. and Needleman, A. (1984): Analysis of the
cup-cone fracture in a round tensile bar, Acta Metall., 32,
157-169.

[5] Needleman, A. and Tvergaard, V. (1985): Material strain-
rate sensitivity in round tensile bar, Proc. Int. Symp. Plastic
Instability, pp. 251-262, Pressure de 1’cole nationale des
Ponts et Shausseses, Paris.

[6] Hashiguchi, K. (2023): Foundations of Elastoplasticity;
Subloading Surface Model, Springer-Nature.

[7]1 Hashiguchi, K., Ueno, M. and Anjiki, T. (2023):
Subloading-overstress  model:  Unified constitutive
equation for elasto-plastic and elasto-viscoplastic
deformations under monotonic and cyclic loadings -
Research with Systematic Review-, Arch. Compt. Meth.
Eng.,30. https:/link.springer.com/article/10.1007/s11831-
22-09880-y

[8] Hashiguchi, K., Yamakawa, Y., Anjiki, T.and Ueno, M.
(2024): Comprehensive review of subloading surface
model: Governing law of irreversible mechanical
phenomena, Arch. Compt. Meth. Eng., 31,
https://doi.org/10.1007/s11831-023-10022-1

[9]1 Masing, G. (1926): Eigenspannungen und Verfestigung
beim Messing, Proc. 2nd Int. Congr. Appl. Mech., Zurich,
pp. 332-335.

[10] Hashiguchi, K. (2024):  Subloading-multiplicative
hyperelastic-based plastic and viscoplastic models, Proc.
26th JSCES Annual meeting.

[11] Chaboche, J. L., Dang-Van, K. and Cordier, G. (1979):
Modelization of the strain memory effect on the cyclic
hardening of 316 stainless steel, Trans. 5th Int. Conf.
SMIRT, Berlin, Division L., Paper No. L. 11/3.

- B-09-02 -


https://link.springer.com/article/10.1007/s11831-22-09880-y
https://link.springer.com/article/10.1007/s11831-22-09880-y
https://doi.org/10.1007/s11831-023-10022-1

