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On the formulation of topology optimization for finite strain
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We present a unified formulation of topology optimization formulation for finite strain elastoplas-
tic materials. As the primal problem to describe the elastoplastic behavior, we consider the stan-
dard J2-plasticity model incorporated into Neo-Hookean elasticity. For the optimization prob-
lem, the objective function is set to accommodate multiple objectives, and the continuous adjoint
method is employed to derive the sensitivity. In addition, the reaction-diffusion equation is used
to update the design variable in an optimizing process. Several numerical examples are presented
to demonstrate the ability of the proposed formulation.
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1. INTRODUCTION
Optimization problems that maximize objectives within

finite resources and certain constraints have been stud-
ied in various research fields. Particularly in the struc-
tural engineering community, scholars have pursued find-
ing a better structure with a reasonable amount of materi-
als while maintaining the capability. To support this chal-
lenge, topology optimization [1] has received attention in
these two or three decades.

In particular, topology optimization of elastoplastic ma-
terials has become popular in the last decade. As far as we
know, while around twenty papers have been published, all
of them were developed within the small strain framework.
Considering that elastoplastic materials usually can with-
stand large deformation, a formulation based on the finite
strain framework should be addressed. However, only a
few studies [2,3,4,5] are available nowadays. Also, there
is no formulation that allows for arbitrary objectives to be
considered, and thus, this is an interesting topic to tackle.

Meanwhile, many studies use spatial and temporal dis-
cretization (discrete adjoint method) to derive the sensitiv-
ity of elastoplastic topology optimization problems. Prob-
ably, this is due to the difficulty of deriving sensitivities
due to the complexity of the governing equations. How-
ever, from the overall insight of continuum mechanics, this
discretization-dependent formulation is somewhat tricky.
For that reason, we can pursue a formulation for elastoplas-
tic topology optimization that does not rely on discretiza-
tion.

In this context, this study presents a formulation of
elastoplastic topology optimization within the framework
of finite strain theory. As the primal problem to describe
the elastoplastic behavior, we consider the standard J2-
plasticity model incorporated into Neo-Hookean elasticity.
For the optimization problem, the objective function is set

to accommodate multiple objectives, and the continuous
adjoint method is employed to derive the sensitivity. In ad-
dition, the reaction-diffusion equation is used to update the
design variable in an optimizing process. Several numer-
ical examples are presented to demonstrate the ability of
the proposed formulation.

2. FORMULATION

(1) Governing equations of primal problem

As the primal problem to describe elastoplastic re-
sponses of materials, we postulate the following governing
equations:

∇ · P +B = ρ0ü in B0,

P ·N = T̄ on ∂BN
0 , u = ū on ∂BD

0

Φp = ∥τdev∥ −
√

2

3
(y0 + rp) ≤ 0,

γp ≥ 0, Φpγp = 0 in B0

n− τdev
∥τdev∥

= 0 in B0


∀t, (1)

where P , B, ρ0, N , T̄ , and ū denote the first Piola-
Kirchhoff stress tensor, body force vector, mass density,
outward unit normal vector, prescribed traction force vec-
tor, and prescribed displacement vector, respectively. Also,
Φp, τ , y0, rp, and n are the plastic yield function, Kirch-
hoff stress tensor, initial yield stress, plastic hardening
force, and flow tensor, respectively. Note that the follow-
ing three variables are unknowns in the primal problem:

Displacement vector: u,

Plastic multiplier: γp, Flow tensor: n.
(2)
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(2) Optimization problem
Subsequently, we introduce a scalar-valued function

ω (X) ∈ [0, 1] at a certain position X ∈ D0 as a design
variable and define the objective function F as

F (ω) =

∫
t

(∫
B0

fB0
(u,F , γp,n, ω) dV

+

∫
∂BN

0

f∂BN
0
(u, ω) dA

+

∫
∂BD

0

f∂BD
0
(F , ω) dA

)
dt,

(3)

where fB0 , f∂BN
0

, and f∂BD
0

denote the objective density
functions inside the body (fB0

) and on the boundary sur-
faces (f∂BN

0
and f∂BD

0
), respectively. Here, F denotes

the deformation gradient tensor. It is noted that each of
the objective density functions can consist of multiple sub-
functions such that

fB0
(u,F , γp,n, ω) =

∑
i=1

ζif̃B0,i (u,F , γp,n, ω) ,

f∂BN
0
(u, ω) =

∑
i=1

ζif̃∂BN
0 ,i (u, ω) ,

f∂BD
0
(F , ω) =

∑
i=1

ζif̃∂BD
0 ,i (F , ω) ,

(4)

where f̃B0,i, f̃∂BN
0 ,i, and f̃∂BD

0 ,i denote i-th sub-functions,
and ζi is the weight of i-th sub-function, respectively.

Assuming the plastic loading state, we formulate the op-
timization problem subject to Eq. (1). Under the general
setting above, the optimization problem can be defined as

Maximize
∀ω∈D0

F (ω) subject to Eq. (1) and V̄ ≤ 0, (5)

where the last inequality represents the volume constraint.
It is noted that the elastic parameters (E, ν, ρ0), the plas-
tic paramaters (y0, h, y∞, βy), and the prescribed traction
force T̄ are dependent on the design variable ω in our for-
mulation. As a common practice to remove the constraint
conditions, we define the following Lagrangian:

F̃ =

∫
t

(
Ḟ + λ ⋄R

)
dt − θV̄ , (6)

where λ and θ denote the generic Lagrange multipliers,
and R corresponds to the set of functions in the governing
equations in Eq. (1) that are supposed to be zero. Here, ⋄
is the inner product operator in a general sense.

(3) Governing equations of adjoint problem
As a preliminary step to apply the adjoint method to ob-

tain the design sensitivity, the generic Lagrange multiplier
is identified with the collection of adjoint variables defined
as λ = {w, ηp, π}, where the components are the fol-
lowing variables:

Adj. displacement vector: w,

Adj. plastic multiplier: ηp, Adj. flow tensor: π.
(7)

Here, the first variation of the Lagrangian F̃ in Eq. (6) with
respect to the design variable ω (X) yields

δF̃
δω

=
δωF̃
δω

+

[
∂F̃
∂u

· δu
δω

+
∂F̃
∂∇u

: ∇δu

δω

]

+

[
∂F̃
∂γp

δγp

δω

]
+

[
∂F̃
∂n

:
δn

δω

]
.

(8)

Note that the three bracketed terms vanish as long as the
solutions to the following adjoint problem are found:

− ∂fB0

∂u
+∇ · ∂fB0

∂F
= ρ0w · ∂ü

∂u

−∇ ·

{
H :

∂P

∂F
− ηp

(
∂∥τdev∥
∂F

−
√

2

3

∂rp

∂F

)

−π :

(
∂n

∂F
− ∂

∂F

τdev
∥τdev∥

)}
in B0

−
∂f∂BN

0

∂u
− ∂fB0

∂F
·N

=

{
H :

∂P

∂F
− ηp

(
∂∥τdev∥
∂F

−
√

2

3

∂rp

∂F

)

−π :

(
∂n

∂F
− ∂

∂F

τdev
∥τdev∥

)}
·N on ∂BN

0

∂f∂BD
0

∂F
= w · ∂T

∂F
on ∂BD

0

∂fB0

∂γp
+H :

∂P

∂γp
− ηp

(
∂∥τdev∥
∂γp

−
√

2

3

∂rp

∂γp

)

− π :

(
− ∂

∂γp

τdev
∥τdev∥

)
= 0 in B0

∂fB0

∂n
+H :

∂P

∂n
− ηp

∂∥τdev∥
∂n

− π :

(
1 ⊗ 1− ∂

∂n

τdev
∥τdev∥

)
= 0 in B0



∀t.

(9)

Here, we refer to H as the adjoint deformation gradient
tensor.

(4) Sensitivity

As long as the adjoint variables in Eq. (7) are obtained
as the solutions of Eq. (9), the first variation of the La-
grangian F̃ in Eq. (8) is simplified as follows:

δF̃
δω

=
δωF̃
δω

=
∂
{∫

t

(
Ḟ + λ̃ ⋄R

)
dt − θV̄

}
∂ω

. (10)

Then, the substitution of Eq. (1) and Eq. (3) into Eq. (10)
leads to the sensitivities inside the body and on the Neu-
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mann and Dirichlet boundaries as follows:

sD0 =

∫
t

{
∂fB0

∂ω
+H :

∂P

∂ω
+

∂ρ0
∂ω

w · (ü− g)

−ηp
(
∂∥τdev∥

∂ω

−
√

2

3

(
∂y0
∂ω

+
∂rp

∂ω

))}
dt − θ in D0,

s∂DN
0
=

∫
t

(
∂f∂BN

0

∂ω
−w · ∂T̄

∂ω

)
dt on ∂DN

0 ,

s∂DD
0
=

∫
t

(
∂f∂BD

0

∂ω
−w · ∂T

∂ω

)
dt on ∂DD

0 .

(11)

Here, the body force is replaced as B = ρ0g with g being
the gravitational acceleration vector. Note that the SIMP
method is usd to interpolate material properties, and the
reaction-diffusion equation are employed to update design
variables.

3. NUMERICAL EXAMPLE

200 mm

45 mm x

y

z

7
5
 m

m

Displacement

Fig. 1: Geometry and boundary conditions.

The plastic hardening maximization problem under the
quasi-static condition is demonstrated here, for which the
following objective function is considered:

F = ζ1

∫
t

{
−
∫
B0

B · udV −
∫
∂BN

0

T̄ · udA

+

∫
∂BD

0

T · ūdA

}
dt

+ ζ2

∫
t

∫
B0

(
y0α+

∫ α

0

rpdα̃
)

dVdt,

(12)

Here, ζ1 and ζ2 are weights to control the contributions of
two different objectives in the optimization problem.

The material distribution of a three-dimensional struc-
ture is optimized, whose geometries and boundary con-
ditions are shown in Fig. 1. Here, forced displacements
are applied to all nodes on the back and front surfaces
so that torsion-bending coupled deformation occurs. In
this example, dual phase 980 steel (DP980) and 5052 alu-
minum (Al5052) are chosen as the stronger and weaker
materials, respectively. Except for the weights, all param-
eters needed to calculate this topology optimization are
summarized in Table 1. While these parameters are kept

fixed, three simulation cases (Case 1-3) are considered,
i.e., (ζ1, ζ2) = (1.00, 0.00), (0.17, 0.83), (0.00, 1.00). In
addition, the initial value of the design variable is set to
ω = 0.25.

Fig. 2 shows the objective function-design iteration
curves and error norm-design iteration curves, in which
the gradual converging trends of the error norm and the
improvements of the values of the objective functions are
confirmed. Also, Fig. 3 shows the topologies obtained as
the optimal solutions. From the top to bottom in each col-
umn of these figures, the distributions of the Al5052 (blue-
colored region), Al5052 with plastic deformation (gray and
blue-colored region), DP980 (red-colored region), DP980
with plastic deformation (gray and red-colored region),
and both materials are shown. These figures show two dis-
tribution characteristics. For example, Case 1 confirms that
the DP980 material is placed in the high stress region; see
Fig. 3(a). Accordingly, as can be seen from the fourth row
in each figure, the volume of the DP980 material with plas-
tic deformation (gray and red-colored region) is the largest
among the three cases. In addition, by increasing the value
of ζ2, the Al5052 material tends to be distributed in the
region where plastic deformation occurs (gray and blue-
colored region). Thus, the volume of the DP980 material
with plastic deformation (gray and red-colored region) is
decreased with the increase of ζ2.

4. CONCLUSION
We have presented a topology optimization formulation

for finite strain elastoplastic materials using the continuous
adjoint method. Unlike previous studies on elastoplastic
topology optimization problems, the proposed formulation
does not require temporal and spatial discretizations and
derives the governing equations and sensitivity of the ad-
joint problem based on the variational principle. Also, the
form of the objective function allows multiple objectives
to be considered in a single optimization process, which
implies the generality of the proposed formulation. As
the demonstration of the proposed formualtion, the plastic
hardening maximization problem was identified as specific
cases of the proposed formulation. Numerical examples
show that the two-material optimization problems can be
adequately solved under certain constraint conditions.
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Table 1: Simulation parameters.

Material parameter DP980 / Al5052 Value Unit
Young’s modulus Einc / Emat 225800 / 68900 [MPa]
Poisson’s ratio νinc / νmat 0.39 / 0.33 [-]
Initial yield stress y0,inc / y0,mat 609 / 210 [MPa]
Linear hardening parameter hinc / hmat 0 / 0 [MPa]
Nonlinear hardening parameter y∞,inc / y∞,mat 1072 / 272 [MPa]
Saturation parameter βy,inc / βy,mat 76.4 / 38.8 [-]

Volume constraint parameter Value Unit
Allowance volume Vmax 0.25 [-]
Initial saturation parameter βv,0 10 [-]
Maximum saturation parameter βv,max 20 [-]
Increase ratio mcof 20 [-]

RDE parameter Value Unit
Length scale parameter ld 2.5 [mm]
Increment limit ω̄ 0.05 [-]
Alleviative coefficient βs 5 [-]
Convergence threshold TOL. 20−4 [-]
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Fig. 2: Objective function-design iteration and error norm-design iteration curves. (Fine-dashed and coarse-dashed lines
represent the histories of the first and second sub-objective functions whose weights are ζ1 and ζ2, respectively, and solid
line represents the history of error norm. Black solid line is the convergence threshold.)
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(a) Case 1 (b) Case 2 (c) Case 3
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Fig. 3: Material distributions of Al5052 (blue-colored region) and DP980 (red-colored region), plastic deformation re-
gions, and optimization results. (From the top to bottom in each column, the distributions of the Al5052, Al5052 with
plastic deformation, DP980, DP980 with plastic deformation, and both materials are shown.)
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