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Most of rubber-like materials consist of many fibers with a distribution of small carbon particles as a filler.
Their strength decreases with a deformation since fibers are cut with a tensile deformation. This
phenomenon is called the Mullins effect (Mullins [1][2]). The viscoelastic constitutive equation with the
Mullins effect is formulated extending the formulation by Simo [5] and Miehe [6] by incorporating the

subloading surface concept.
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1. INTRODUCTION

Most of rubber-like materials consist of many fibers with a
distribution of small carbon particles as a filler. Their strength
decreases with a deformation since the fibers are cut with a
tensile deformation. This phenomenon is called the Mullins
effect (Mullins [1][2]).That is, the Mullins effect is a particular
aspect of the mechanical response in filled rubbers, in which the
stress—strain curve is influenced by the maximum loading
previously experienced causing the cuts of the fibers. Various
constitutive equations have been proposed by Fung [3], Simo
[5], Miehe [6], Ogden and Roxburgh [7], de Souza Neto et al.
[8], etc. Among them, the models other than the one proposed
by Simo [5] and Miehe [6] are physically unacceptable, since
the irreversibility is not considered but they are merely the slight
modifications of elastic constitutive equations, called the
pseudo-elasticity by Fung [3]. In addition, the formulation by de
Souza Neto et al. [8] is physically irrelevant since the purely-
elastic deformation is assumed in the initial loading process,
although in fact the fibers are cut in the initial loading process.
On the other hand, the model proposed by Simo [5] and Miehe

[6] possesses the basic structure for the irreversible deformation.

However, it falls within the conventional plasticity-like
framework (Drucker [9]) so that the damage evolves abruptly
when the damage variable reaches the maximum loading
experienced in the past and the accumulation of the damage
during the cyclic loading lower than the past maximum loading
cannot be described.

In this article, the formulation of Simo [5] and Miehe [6] is
extended so as to describe the gradual development of the
damage as the damage variable approaches the past maximum
loading and the evolution of the damage variable during the

cyclic loading process by incorporating the concept of the

subloading surface ([10][11][12]). The essentials of the
formulations was described in Hashiguchi [12].

2. VISCOPLASTIC RHEPLOGICAL MODEL OF
POLYMERS

The viscoelastic rheological model for the deformation of
polymers is shown in Fig. 1, where the Prony series is adopted
for the viscoelastic deformation. It is composed of parallel series

of the one purely-elastic part represented by the spring E_

and the arbitrary number M of Maxwell models. The spring
El! E21

the equilibrium state after the elapse of infinite time t — co.

-++, Ep denotes the purely-elastic part induced in

The Maxwell models describe the purely elastic deformation
and the viscous deformation induced in the non-equilibrium
state. Here, it is postulated that the former causes both the
volumetric and the isochoric (volume-preserving) deformation
but the latter causes only the isochoric deformation based on the

experimental observation. The volumetric part and the isochoric
part are designated by ( )vol and ( )iso , respectively.

Viscoelastic deformation
(generalized Maxwell model)
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Fig. 1 Viscoelastic rheological model.
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3. SUBLOADING OVERSTRESS-MULLINS
EFFECT
Let the viscoelastic model with the Mullins effect [1][2] be
formulated by incorporating the subloading surface concept
[10][11][12] into the formulation by Simo [5] and Miehe [6].
The elastic strain energy function was extended to the
viscoelastic-damage phenomenon by Holzapfel [13], assuming
that the damage affects only the isochoric part of the
deformation as follows:

'Ilg(éve1 é’v flv fZI o oo, fm) = 5l/\/(gl (‘]ve)
m
+L-OHH(C*) + D Tiso, € T, (D
a=1
where
F=F*F" @
FVe - FVe FVe’
vol = 3)
F\\I/oel = JVSl/Bg, EVe = JVe—l/3FVe, JVe = dethe
C=F'F=F"C*F" @
C_:VE = FVeT FVe — (FFVP*I)T FFVp*l — FVP—TCFVD—I
c—:ve _ (_:xng C_:VE (5)
voI F\YOeIT voI - (det Cve)llse

(6)
_ (det C—:ve )—]JS C—:ve

F is the deformation gradient tensor, and F®and F" are

C = FVET FVe

the viscoelastic and the viscoplastic parts of the deformation
gradient tensor, respectively. T, (a=1, 2, ees, M) are the

internal variables denoting the viscoelastic deformation
histories. The variables in the intermediate configuration £
is designated by adding the over-bar (7) and the isochoric part

by the under-bar (). g is the metric tensor in the current

configuration. C is the right Cauchy-Green deformation
tensor in the reference configuration. C" is the viscoelastic
right Cauchy-Green deformation tensor and G is the metric
tensor in the intermediate configuration. { is the damage
variable the evolution rule of which was given by Miehe [6]
simplifying the formulation of Simo [5] as follows (Fig. 2):

(7)) =<¢A—exp(=7a/0)] (O

a? (7d)
¢'(%)= =0 exp(— ®
where ¢ denotes the maximum value of the Mullins-
damage variable ¢ and o is the material constant

regulating the evolution speed of the Mullins-damage variable.

The variable 4 evolves when C"* lies on the Mullins-
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The variable y; is induced discontinuously when it reaches

the Mullins-damage surface and in addition the input-
incremental step must be taken to be infinitesimal in the
numerical calculation such that y; does not go out finitely

from the Mullins-damage surface. In what follows, the revised
evolution rule of the variable y; inwhich these shortcomings

in the past formulations are excluded will be formulated by
incorporating the subloading surface concept (Hashiguchi
[10][11][12]).
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Fig. 2 Evolution of damage variable.

The surface defined in Eq. (9) is renamed as the normal-
Mullins damage surface and the subloading-Mullins damage
surface

|(D(éve)— Ra% =0— Rg=®(C"®)/ 7d|

(11)

is incorporated (Fig. 3), where Ry (0<Rg <1) is called
the normal-Mullins damage ratio designating the approaching
degree of C* to the normal-Mullins damage surface in Eq.

(9). The consistency condition for the subloading-Mullins
surface is given by

0D c* .sve o .

%-CV -Ra% —Rg7y =0
Then, assume the following evolution rule of the variable 7j .
@(C*). Ave>
ane "

(12)

=RN(PC")=RI(IT (13)

where n (=1) isthe material constant. The rate of Rqy is
given from Eq. (12) with Eq. (13) as foIIOW'
R -1 5¢£éve) sve n+1 0P éve>]
Wk ooC® acve '

— 1 <a§((:cv:e ).—Ve>(1 Rn+1)

aP(C”) . ave
oo C
which is the monotonically-increasing

for >0 (14)

function of Ry

damage surface defined by fulfilling
D(C*®)— 74 =0 ©)
and the surface expands so that the evolution rule is given by
o _ ~Vve .
Ja=d@e)=22C ) 2" 0 o
oC
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1 <a¢(Cve) . e

Yy forRg =
. c*) (15)
Ro{< <a@§e - &")(>0) for Ry <1
=0 forRy =1
<0 forRy >1

Therefore, the normal-Mullins damage surface evolves
automatically so as to envelope variable c" always. The
smooth transition from the non-evolution state to the normal-
evolution state of damage can be described by incorporation of
the above-mentioned formulation based on the subloading
surface concept as shown in Fig. 4.

Besides, the Mullins-damage function @(C'®) was
given by Holzapfel [13]) as follows:

@(C*)=C|[1.(C*) 3]+ C,[1I:(C*) -3

= C,(trC*®—3) + C,[(1/ 2)(tr2C"® —trC"*?) -3] (16)
in the Mooney-Rivlin type [14], where C; and C, are the
material constants.

The stress S for Eq. (1) is given as follows:

5_,0PE(C* T Ty, oo T)
acve

=S5 (1) +(1-)[Sie(C*)+>.Q,1 (U7
a=1

which is rewritten as follows:

45 0%) et
dJ ev

_ oV,
+(1-){gve2 pye; 22
@-of [ =

S=3¢

CVE)]

=0455ma}
(18)

+Z[exp(— N

2o(C%)
aéve
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Subloading - Mullins damagesurface
@(C®) =Ry
Normal - Mullins damage surface
d(Ce) =7y
Fig. 3 Normal- and subloading-Mullins
damage surfaces.
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Fig. 4 Stress-strain curve with subloading-Mullins effect.
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