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The subloading surface model for soils with the super-yield surface, called the SYS model, is formulated
in this article. The existing formulation of the SYS model is revised basically on various aspects, i.e. the
finite plastic volumetric strain and the applicability to the negative pressure range, the cyclic loading, the

rotational hardening, etc.
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1. INTRODUCTION
The description of the soil deformation behavior by the

Cam-clay model [1][2] (even with Drucker-Prager model [3]) is
improved drastically by the subloading surface model
(Hashiguchi [4]-[6]) as shown by Hashiguchi and Chen [7],
Hashiguchi et al. [8], etc. However, the deformation behaviors
of sands in different void ratios cannot be described by a unique
set of values of the material parameters and the undrained
deformation behavior of sands cannot be described
appropriately by the existing formulation of the subloading
surface model. In this situation the idea of the incorporation of
the super-yield surface into the subloading surface model,
called the SYS model, was proposed by Asaoka et al. [9]-[12] in
order to describe these behaviors by a unique set of material
parameters. The main idea of the SYS model is that the loose
sands and the naturally deposited clays possess the skeleton
structures causing the large yielding strength. Unfortunately,
however, the existing formulation of the SYS model is quite
primitive involving various shortcomings as some of them are
described in the following

1) It is based on the linear relation of the void-ratio vs.
logarithmic of the pressure, although the linear relation of
the both logarithmic of volume and pressure (Hashiguchi
[13][14]) must be adopted for the description of the finite
volumetric deformation,

2) The yield surface is limited to the positive pressure range
so that the deformations of soils subjected to the null
pressure (observed in soil ground surfaces) and the
negative pressure (observed in cohesive soils) cannot be
described as indicated and modified by Hashiguchi and
Mase [15]),

3) The influence of third deviatoric stress invariant in the

yielding behavior as formulated by Hashiguchi [16] is not

taken into account, although it is inevitable for the

prediction of deformation behavior of frictional materials.

4) The irrational formulation for the induced anisotropy
caused by the rotation of the yield surface (Ohta and
Sekiguchi [17], Hashiguchi [18]) has been incorporated by
Asaoka et al. [19] following Hashiguchi and Chen [7] in
which the rate-linear rotational hardening rule is adopted,
although the nonlinear evolution rule (Hashiguchi [21];
Hashiguchi et al. [22]) must be adopted.

5) The inappropriate evolution rule of the normal-yield ratio
by the logarithmic function (Hashiguchi and Chen [7]) is
adopted, while it has been modified to the cotangent
function which possesses the strong stress-controlling
function to pull-back the stress to the yield surface in the
numerical calculation and the analytical integrability by the
plastic strain (cf. Hashiguchi [6][20]).

6) The cyclic loading behavior cannot be described and thus
the liquefaction phenomenon induced in earthquakes cannot
be described appropriately, since the initial subloading
surface model (Hashiguchi [4]) is adopted but the extended
subloading surface model (Hashiguchi [5][6]) is not
adopted, while the translation of the similarity-center of the
normal-yield and the subloading surfaces is incorporated in
the extended subloading surface model.

Thus, the explicit formulation of the SYS model has not been

developed substantially since the early stage of the proposal in

2000 as seen in Asaoka [12] similarly to the Cam-clay model

which has not been developed by the proposers themselves

conservatively.

The extended subloading surface model with the super-
yield surface will be formulated, in which all the above-
mentioned defects involved in the existing SYS model are
excluded.
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f(C, p)=9%cF(H)

Fig. 1. Rotated normal-yield, subloading and similarity-center surfaces in the (p, g) plane.

2. SUPER-YIIELD, NORMAL-YIELD AND
SUBLOADING SURFACES
The normal-yield and the subloading surfaces which is
similar to the normal-yield and the super-yield surface and
passes through the current stress for soils are given as follows
(see Fig. 1):
f(o, p)=F(H) O]
|f (o, B)=RF(H)] @)

where the following relation holds by virtue of the similarity of

the subloading surface to the normal-yield surface.

6=6-0(=R6y)=0+RC ©)
with
0=(1-R)C (@—-C=R(a—C); @=0) 4
leading to
a=@1-R)¢-Rc )
where
6=6-C (6)

G is the Cauchy stress, [ is the rotational hardening

variable, C is the similarity-center of the subloading surface
in Eq. (2) to the normal-yield (conventional yield) surface in
Eq. (1), O in the subloading surface is the conjugate point to
@ (=0) in the normal-yield surface as shown in the (P, Q)
plane in Fig. 1, where Gy on the normal-yield surface is the
conjugate point to the current & on the subloading surface.
R is called the normal-yield ratio, designating the ratio of the

size of the subloading surface to that of the size of the normal-

yield surface. The rate of the rotational hardening is given as

14+/6sin &,
(3—sin ¢, )(8+ cos365)

I\ﬁIr (cos305) = (3)

6'=c'- DB, t'gza—, cos30;=+/6trt'’s’ (9

fm =br (7 —ﬁLIIﬁ' IB) (10)

r

¢r is the angle designating the limit of the rotation of the

normal-yield surface.
Now, introduce the super-yield surface (Asaoka et al., [9]-

[12]) (Fig. 2):

f(6, )= RF(H) (11)

where the plastic internal variable R (>1) is the super-

normal-yield ratio designating the ratio of the size of the super-
yield surface to the size of the normal-yield surface, which
represents the degree of the soil skeleton structure (larger in
looser soils). The subloading surface is described as follows:
|f (6, B)=RRF(H), R=RR] (12)
where R (0<R<1) is the super-yield ratio designating the

ratio of the size of the subloading surface to the size of the
super-yield surface. Here, note that the current stress can go
over the normal-yield surface for structured soils.

Let the evolution rules of the super-normal yield ratio R
based on the assumption that the super-yield surface shrinks by
the deviatoric plastic strain rate and shrinks/expands by the
plastic volumetric contraction/expansion and the super-yield
ratio R based on the assumption that the subloading surface

approaches the super-yield surface in the plastic loading

follows: process be given by
L = [ ep b °
B=by (27~ LI IB) =fm } Y R=UMRNIZ" II-o &), R=UR|IZP| 13)
where Mr where
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U(R)=-0(R?-1) (<0), U (B):gcot(% R)(20) (14)

¢ (1), T,
U is the material function which will be formulated later in
Eqg. (29). The material constant Cy would be larger in clays

a and U are the material constants and

than sands.

The following relation holds for the rate of the normal
yield ratio R in terms of the super-normal-yield ratio R
and the super-yield ratio R hold from Eq. (13) with Eq. (14),

noting Eq. (12).

MUGHTLYTN

U(R) op
= &)+ =118

+

;Ul;Uo
I
20| Z0je
|;U||;U.

( DI HCTE 2)+ g cot(ZR)I s

The undrained stress paths in loose and dense sands can be
predicted by the SYS model with one same values of material
parameters as shown in Fig. 3 without resorting to the plastic
deviatoric hardening (Nova [23]; Wilde [24]) as will be known

from the plastic modulus shown in Eq. (36).
Super-yield surface
Subloading surface t (o, B)= RF(H)

Normal-yield surface
f(o, Bp)=F(H)

q| (7@ B=RF(H)

(e |
—

Fig. 2. Super-yield, normal-yield and subloading

surfaces in the (p, q) plane.
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Fig. 3 Stress path under constant volume or undrained
condition.

F28METETHHEERR

The material-time derivative of Eq. (2) reads:

o (o, B). _of (o, B). G+ of (e,
06 06 oB

B -grsrE
(16)
which can be rewritten as

ﬁ:&—ﬁ:[&+%6+%6—%(af(c’ ¥ :B)a]=0 17

where

dt (o, B) (18)

n=TEB JACH (i)

noting the following equation based on the Euler’s theorem for
the function of @ in homogeneous degree-one.

af (e, B) - _ _
__oo % t@ By_RF
@ p  N:c n:c n:oc
06
(19)

3. EVOLUTION RULE OF ELASTIC-CORE

To avoid the unlimited approach of the elastic-core to the
normal-yield surface, first let the following surface, called the
elastic-core surface, be introduced as shown in Fig. 1, which
passes through the elastic-core C and possesses a similar
shape and orientation to the normal-yield surface with respect
to the null stress (6 =0.=0).

f(C, B)=9cF(H), % =f(C B)/F(H) (20
where the variable $7: is the ratio of the size of the elastic-
core surface to that of the normal-yield surface, called the
elastic-core yield ratio. It plays the role of a measure for the
approaching degree of the elastic-core to the normal-yield
surface. Since the elastic-core must lie inside the normal-yield
surface as described above, the elastic-core yield ratio has to be

less than unity. Then, the inequality

f(C, B)<XF(H), ie 9 <X (1)
must hold, where y (<1) is a material constant exhibiting the
maximum value of # . The time-differentiation of Eq. (21)
at the limit state in which C lies on the limit elastic-core

surface f(C, p)=XF(H) yields
NEC P .p HE ﬁ).B XF<0 for 97 =1

oC op
which can be rewritten as
AECB).a, (L B). )5f(C B)B
oc XF oc op
(ZlF af(g B). C)){|:<0 for 95.=x (22)

Making use of the relation [of (C, B)/aC]:C
(: f (C, B)) = XF on account of the Euler’s homogeneous
function f(C, B) of C in degree-one, Eq.(22) is further

rewritten as
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af(c B). [+ (G 8f(C B)_

7E I:)C] <0 for 9% =
(23)
Equations (21) and (23) (rate form) are called the enclosing
condition of elastic-core. Let the following relation be adopted.
e Be=cd#le, -0 e
where Cq is the material constant controlling the translational

rate of the elastic-core and @, on the limit elastic-core surface

is the conjugate point to the current stress @ on the subloading
surface, i.e.

_ 6/ 6—a G,—0g O
c,=%5 (ﬁ(z %) =22 :%j (25)

The inequality in Eq. (23) is fulfilled in Eq. (24) as verified by
A D): (¢, 7)o, -]

=Ce| &°|| w:(@ —C) <0 for 9. = x (26)

noting that of (C, I})/ OC is the outward-normal of the elastic-

core surface at the current elastic-core C and makes an obtuse
angle with 6, —C when C lies on the limit elastic-core

surface f(C, B) =

while G, lies on the limit elastic-core surface.

X F(H) as far as it is the convex surface,

Consequently, the following evolution rule of C is given

from Eq. (24) with Eq. (25) as follows:
_ of C
¢=col?l(Z5-c)+ (E- L XD G0 @)
The substitution of Eq. (27) into Eq. (5) leads to

F ZF
i = - Rell(Zs )
(£ TCBF)c] ke

In order to improve the reloading behavior such that the
reloading curve recover to the preceding loading curve

(28)

promptly, the material function U in Eq. (14) 2 is given by

U =uexp(uc#7Cp) (29)
where U is the material constant and
Cn=ng:n (-1=Cn<l) (30)
f f (C,
n.= o€ B)/”a ( B)|| (Indl=1) 31)

4. PLASTIC STRAIN RATE
The substitution of Eq. (28) into Eq. (17) leads to the

consistency condition:

N :{(1— R)[call*ll(£5-c)

ol
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ie.

n:é-n: [Ce(l— RIIEN(£5-c) + %[(‘H(l—R)C]

+R@-Ro)
— of
- (6f (o, B). B)o - ( (C B). B)c
(32)
By virtue of the relations
6+(1-R)c=0
G6-RC=o

deduced from Eq. (3), Eq. (32) is s1mp11ﬁed to the equatlon
n:é- [c 1-R)#°l(Z5-¢)+ Eo 1 Ra
e(l-R)||2 ||( G- )+ +R O

of (o, _ of
O e (D]

(33)

Substituting the plastic strain rate £” in the associated

flow rule
& =an (34)
where ﬂ.T is the positive proportionality factor into Eq. (33)
with Eq. (15), one has B
4=00p (35)
MP
where
 f U(R)\-
Pof [ all c+(U( )(||n |-G trA) + T)c
_ X=_¢0)_ 6f (6, B). —
+C(l R)(RG c) 4 ( S m)e
of C
( (C B). fﬁn)c] (36)

Therefore, the softening is induced in the loose soils in the over-
normally-consolidated state for which the structure of soil

skeleton is highly developed leading to R 1, UR)<0
and R=1, UR)=0 > M P <0 asshownin Fig. 3. On the

other hand, the hardening is induced in the dense soil under the

over-consolidated sate for which the structure of soil skeleton is
R=1 J(R)=0
R«1, L_J(B) >0—>M" >0 asshownin Fig. 3. Consider

not developed leading to and

the cyclic loading of the infinitesimal stress amplitude under the
drained condition at the isotropic stress state in the loose soil.

The structure of soil skeleton tends to decrease because of

.
R < 0 and the over-consolidation tends to increase leading to

o P ]
the dense soil because of &v <0 — F > 0. The details can
be referred to Hashiguchi [25]).

-F-10-01 -



© —MHHEABAGEIZS

F-10-01

The plastic strain rate, the strain rate and the stress rate are
given by Egs. (34) and (35).

° 1.0 s — n ﬁ ..
g=E'6+,n=(B"+ nl\?p).c (37)
$=E&- AE:N=(B- ZNOME ).z (39
M +N:E:N
where
*_ N:E:¢ op nN:E:g -~
= — — eh =T — — _n (39)
MP+N:E:N MP+R:E:N
[E is the elastic modulus tensor.
The loading criterion is given by
gP=0for f>00rN:E:£>0 (40)
£P =0 for others
9
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