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In this study, the Piecewise Linear Interface Calculation (PLIC) method and Height Function
(HF) method are implemented on adaptively refined mesh grids based on Adaptive Mesh Re-
finement (AMR) method. With the AMR method, the required computational resources can be
greatly cut down without compromising the mass conservation or the accuracy. With the paral-
lel computing techniques based on CUDA programming language and NVIDIA V100 GPU, the
efficiency of simulation is improved. The Weakly Compressible Scheme (WCS) and pressure
projection method is used in fluid analysis and improves the numerical stability. The Langmuir
model is adopted in surfactant transport computations. The AMR-PLIC-HF method is verified by
a time-reversed advection of a circle in a single vortex flow. The two-phase flow computation is
verified by single bubble rising simulations with two sets of physical properties. The process of
generation and rupture of a thin liquid film by a bubble freely rising to in liquid-gas interface is
simulated with considering the surfactant transport and Marangoni Effect.

Key Words : Liquid film, Surfactant, Langmuir model, PLIC-VOF, Height function Weakly
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1. INTRODUCTION AMR method on GPU, an extended stencil computation is
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The interactions involving bubbles and droplets are
ubiquitous in naturally occurring processes and in indus-
trial processes and products. When bubbles or droplets col-
lide or approach each other, liquid films are formed. The
draining dynamics and stability of liquid films have been
investigated by using theoretical models due to their impor-
tance to gas or droplet emulsion systems. With the devel-
opment of numerical simulation of fluids, nowadays a wide
range of fluid phenomena can be simulated. However, for
the problems including liquid films, there have been only
limited attempts to investigate by numerical simulations.
The obstacles to application of numerical simulations to
liquid film simulations are concluded into three aspects —
multi-scale, interface capturing and fluid analysis.

In the thin liquid film simulation, the typical length is
much larger than the thickness of thin liquid film. The typ-
ical length could be in milimeter, centimeter or even meter
scales, while the thickness of thin liquid film is typically
in the micrometer scale. To accurately describe the motion
of the liquid film and its interfaces, the resolution of mesh
grids needs to be extremely high, which makes it almost
possible for limited computation resources—memory and
execution time.

To overcome this obstacle, a tree-based AMR method
is utilized in the present research [1]. To implement the

proposed based on previous research [2]. The finest mesh
grids are always resigned in the area that is close to the
interfaces, which ensures the high-resolution mesh grids
used to capture the interfaces of liquid films. For the re-
gion far away from the interfaces, the computational cells
are coarsened to save computational resources while not
compromising the accuracy of the interface computations.

The thin liquid films typically consist of two interfaces
between different phases that are close to each other. Thus,
the high-accuracy interface capturing method is essential
to simulate thin liquid films. In previous research, the
coupled Phase Field-Level Set method is found capable
to capture the interfaces while maintaining the mass con-
servation and has satisfactory accuracy in geometric com-
putations such as normal vector of interfaces. However,
as a diffuse interface model, the Phase Field method could
bring numerical error to simulations when the thickness of
the diffuse interface is close to the thickness of the liquid
film.

Since the Piecewise Linear Interface Calculation—
Volume of Fluid (PLIC-VOF) method has a sharp inter-
face model and is capable to suppress the spurious current,
the PLIC-HF method is implemented on AMR mesh grids
by GPU parallel computing techniques. With the second-
order Mixed Youngs-Centered method, the normal vectors
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of interfaces can be accurately obtained for VOF advection
computations.

For the fluid analysis, the conventional solvers with im-
plicit pressure Poisson equation is not suitable for paral-
lel computing and has numerical stability issues when the
density ratio of the heavy and light phases is extremely
high. For water and air system, the density ratio is 830
times. Thus, the Weakly Compressible Scheme (WCS) and
pressure projection method is used in fluid analysis [3].
With WCS and pressure projection method, even though
the time step needs to be kept small, the execellent perfor-
mance of GPU parallel computing overrides the defect and
greatly improves the overall efficiency.

The Marangoni effect caused by temperature difference
and gradient of surfactant concentration on interfaces is
considered influence the stability and draining dynamics
of thin liquid films. In the present work, the isothermal
condition is assumed so only the concentration-induced
Marangoni effect is considered. The Langmuir model is
used to compute the adsorption and desorption of surfac-
tant on the interfaces.

The purpose of the present work is to realize the direct
numerical simulation of thin liquid films with surfactant
transport with high efficiency and obtain high-accuracy re-
sults by using the proposed AMR-PLIC-HF method and
GPU parallel computing.

2. NUMERICAL METHODS
(1) Governing Equations

The momentum equation in weakly compressible flow
can be expressed by

ou 1 1 1
—+@w-V)u=—-Vp+-V-7+-F. (1)
ot p p p

Since the present model assumes isothermal state and
low Mach number condition, the evolution of pressure can

be derived as 5
a—? = —pc?V - Uu. 2)

In Eq. (1) and Eq. (2), u is velocity, p is pressure, p
is density, T is viscous stress term and F’ is external force
term. The external force F in the present work consists of
gravity F,; and surface tension F,;. The surface tension
F; is evaluated by a density-scaled Continuous Surface
Force (CSF) model proposed by Yokoi[4].

The density is computed from the volume of fluid. The
advection term in Eq. (1) is discretized by third order
WENO scheme and other terms are discretized by second
order central difference. Third order Runge-Kutta method
is adopted for time integration. Staggered grid is used to
avoid the decoupling of velocity and pressure and provide
a better numerical stability by defining scalars on cell cen-
ters and vectors on cell faces.

(2) Interface Capturing by PLIC-VOF method
While the Phase Field method—as a diffuse interface
capturing method—solves the Allen-Cahn equation or the
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Fig. 1 Interface reconstruction in the Piecewise Linear
Interface Construction (PLIC) method.

Cahn-Hilliard equation with the consideration of diffusion
and negative diffusion terms and keeps a certain width of
the interface, the PLIC-VOF method linearizes the inter-
faces in each cell and regards them as a line in 2D space
and a plain surface in 3D space.

In the present study, simulations are performed in 2D
space. Thus in each cell, the interface is considered as a
line as shown in Fig. 1 expressed by

n-T=a 3

where n indicates the normal vector of this linearized in-
terface, « is the spacial coordinate and « is a constant to
specify the position of the line.
The VOF function ¢ is advected by
a—qf)AQ—l—Fnet = 7{ cV -udv (@)
ot Q
where AQ = fQ 1dw is defined as the volume of the cell.
In Eq. (4), the value of the right-hand side should be zero
because it is a divergence-free velocity field where V - u
is zero. However, a dimensional split method [5] was used
in the current research, which means that the flux calcu-
lation and time integration proceeded alternately i n the
X-direction and Y-direction. One-direction velocity is not
divergence-free; thus, the right-hand side could not be sim-
ply ignored. To conserve the volume, a simplification was

adopted:

j{ cV-udv:cc%AQ 5)
Q O0xq

where d is the Cartesian index indicating the X-direction
or Y-direction, and ¢, is the value of the color function at
the center of the cell and is defined explicitly as

062{1 it ¢ >1/2 ©
0 else

The density and viscosity of liquid-gas two-phase flow is
computed by using VOF function by the equations shown
below. The subscript [ and g indicates the properties of
heavy phase and light phase respectively.

p = ¢pn+(1—d)p @)

p= dpn+ (1 — P ®)
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The interface curvature can be calculated with an im-
proved Height Function (HF) method [6] as expressed by

Hyp + Hyy + HmHg +H,,H2 —2H,,H.H,

k 3/2
(14 HZ+ H?)

€)
where « is the interface curvature, H is the height function
calculated by volume fractions on a 3 x 7 or 7 x 3 stencil,
and the subscripts  and y show the partial derivatives of
the height function H. This method has a high level of ac-
curacy even when the local grid resolution is low because
a local monotonicity correction is included.

(3) Surfactant Transport Equation Considering Ad-
sorption and Desorption of the Interface
The transportation, adsorption and desorption of surfac-
tant are expressed by Langmuir model as:

%—JZ +u-VF = DpV2F + j(¢). (10)
Df _ 20,
E—u-vsf(u-n) (Vs n) ==V (fu)+DyVif+].

(11)
J = kaaF (fiim — f) — kac f. (12)

where F' is bulk concentration, f is interface concentra-
tion, j is the source term that express the adsorption and
desorption between the bulk surfactant and the interface
surfactant. k,q4 and kg4 are the adsorption and desorption
rate coefficient correspondingly and fi;y,, is the saturation
concentration. In the equations above, V; = (I—n®@n)V
represents the gradient on the surface.

(4) Marangoni Effect Caused by Concentration Dif-
ference

The Marangoni effect is the free surface movement or
flow along the interface that occurs due to the gradient in
surface tension caused by the difference of temperature or
surfactant concentration. In the present work, the simu-
lations are in isothermal state. Therefore, the Marangoni
effect due to the temperature difference is not considered,
only the Marangoni effect due to the difference in the con-
centration of the surfactant is considered. The surfactant
can lower the surface tension by being adsorbed to the in-
terface. The change in surface tension coefficient depend-
ing on the concentration of the surfactant is well expressed
by the following Marangoni state equation:

o(f) = oo {1+RTf“m1n<1 / )} (13)

oo flim

Here, R is the gas constant of the ideal gas, T is the
absolute temperature, and o is the surface tension coef-
ficient when the surfactant concentration is 0. As shown
in Fig.2, since Eq. (13) is a non-linear equation includ-
ing logarithms, when the interface concentration f ap-
proaches fjim, the surface tension coefficient asymptoti-
cally approaches —oo, resulting in a very steep gradient.
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Fig. 2 Dependence of surface tension on interface con-
centration expressed by Langmuir model.

Linearized equation could improve the numerical stability
but when the concentration f is near fj;,, the result has
error shown in Fig.2. In present work, the following equa-
tion is used to set an upper limit for the concentration to
prevent numerical instability:

o(f) = oo [1+ BT fim (1 - mm(fkf)ﬂ . (14)

o) Sfiim

Here, k is an adjustable parameter and is set as 0.95 in
the present work.

The surface tension coefficient o in conventional meth-
ods is considered as a constant value, but in the present re-
search, o becomes a function of f. The Marangoni effect
due to the surface tension gradient in the tangential direc-
tion of the interface is expressed by the following equation.

Fyi = o(f)r+ Vo (f)or. (15)

Here, V, = (I — n ® n)V represents taking the gradient
on the surface. dr is a approximated delta function that
takes positive value only near the interface. Jp is defined
as follows:

~ 3 2 _ 2
or & - (1—9). (16)

where dx indicates the size of the finest computational
cell.

3. TREE-BASED AMR AND IMPLEMENTATION

Simulating a multi-scale problem by using a uniform
mesh grid is considered inefficient. For the region that is
far away from the interface, it is not necessary to assign
high-resolution mesh grids.

Thus, an improved Tree-based AMR method [7] is pro-
posed and adopted in the present study. Fluid calculations
are actually performed for the computational domain after
subdivision, and in the tree structure, the terminal The ter-
minal nodes and the block-shaped computational regions
corresponding to these nodes are called leaves. To avoid
complex implementation between leaves at different lev-
els and to ensure numerical stability, the level difference
between two adjacent leaves cannot be greater than one,
which is called the 2:1 balance.
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Fig. 3 Tree based AMR on GPU and CPU with space-
filling curve.

As shown in Fig. 3, the tree data structure that manages
the AMR structure is held only on the CPU side, and the
leaves are arranged in a one-dimensional array on the GPU
side. This information is stored as separate array data in
a one-dimensional array arranged in the same order. Data
that are candidates for refinement or coarsening are inter-
polated in parallel on the GPU.

Fig. 4 The refinement procedure of tree based AMR.

As shown in Fig. 4, when a leaf node is subdivided
by halving the grid width on each side, it is divided into
four equal parts corresponding to the generation of 4 child
nodes in 2D from the parent node. The refinement is per-
formed recursively based on certain criteria

min (|t |) < V2 X dhy iy X b. (17)

where m represents the ID of the leaf, n represents the
depth of the leaf m, and b is the number of cells in one di-
rection in one leaf node. In the present research, the value
of b was 4. According to Eq. (17), simply speaking, the
current leaf node will be refined if the minimum distance
to the interface in a leaf node is less than the diagonal block
length of its child node.

In the present research, the reconstruction of the inter-
face with the MYC scheme requires a 3 x 3 stencil that
includes neighbor cells in diagonal directions. The HF
method requires an even larger 3 x 7 or 7 x 3 stencil. The
previous 8 X 8 stencil without a diagonal halo region is
not sufficient for such computations. Thus, we propose an
extended 12 x 12 stencil with a diagonal halo region to sat-
isfy the stencil requirements of the MYC scheme and the
HF method, as shown in Fig. 5. For the halo region in each
direction, a 4 x 4 dataset is accessed and copied from the
corresponding neighbor leaf. The diagonal neighbor leaves
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Fig. 5 The 12 x 12 stencil used in the present study.

shown in light green are accessed in a ‘neighbor of neigh-
bor’ way. Since the MYC scheme and HF method are only
used near to the interface to calculate the interface’s nor-
mal vector and curvature, the 12 x 12 stencil is only used
in these two computations. Additionally, since the AMR
grid is interface-adapted, most refined meshes gather near
the interface where there is no level difference. Thus, there
is only access to diagonal neighbor leaves when the level
difference is 0. This helps to reduce the need for compu-
tational resources, so the performance is not greatly com-
promised.

4. SIMULATIONS AND RESULTS
(1) Two-Dimensional Time-Reversed VOF Advection
in a Single Vortex

A two-dimensional single vortex interface deformation
simulation is performed, in which a vortex velocity field is
designated in a fluid, and the interface between two phases
is tracked as the vortex deforms the interface.

The size of the computational domain is [0, 1] x [0, 1].
A circular interface with a radius of 0.2 is set at the initial
position (0.5,0.75), and advection is performed according
to the velocity field expressed by the following equations:

u(z,y,t) = 2sin’(mz) sin(ry) cos(my) cos (?) (18)

v(x,y,t) = —2sin(rz) cos(mz) sin?(ry) cos (7;)

(19)

where, T is the period, which was set as 8.0 in the
present research.

The interface is stretched by the flow field until ¢ = %,
and from ¢t = %, the reverted velocity field is restored to
its initial shape at ¢ = T'. In this calculation, 7" = 8.0 and
the time step is set in accordance with the finest mesh size
At = 0.1Ax.

An interface-adapted AMR method was used. The fine
mesh was gathered near the interface according to the dis-
tance to the interface. As shown in Fig. 6, the initial tree
node was 16 x 16 in size, and there were 4 cells in one
direction on a leaf node. Thus, the initial resolution was
64 x 64. The finest resolution can be set by the maximum
AMR refinement level. Two maximum levels were set at
2 and 3 with the finest resolutions being 256 x 256 and
512 x 512, respectively.
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tion is Fy = 1.0 x 1072[mol/m?]. The bubbles start ris-
ing from a contaminated state, which assumes that the in-
terface and bulk concentration are in an equilibrium state,
where j = koo (fiim — f) — kaef = 0. Therefore, the
initial interface concentration can be calculated out as fo =
2.72 x 10~%[mol/m?). For density, p;, = 1000.0[kg/m?],
pi = 100.0[kg/m3]. For viscosity, pu, = 10.0[Pa - s,
w; = 1.0[Pa - s]. The initial surface tension without de-
crease caused by Marangoni effect is og = 24.5[kg/s?].
The gravity is set as g = —0.98[m/s?] in the Y — direc-
tion.

Fig. 6 Interface deformation in a 2D single vortex. (a)
t =Z,256x256. (b) t = T,256 x 256. (¢) t = L,
512 x 512. (d)t =T, 512 x 512.

Fig. 8 Volume fraction profile for the bubble rising
to an interface starting from the contaminated
state and forming liquid film in surfactant solu-
tion with a Langmuir number of La = 15, from
t=10tot =12.0.

Two-dimensional single rising bubble simulations [8]
are performed to verify the accuracy of the proposed
AMR-PLIC-HF method and the ability to solve two-phase
flows as a benchmark test.

Fig. 7 A schematic diagram of liquid film generation
and rupture simulation by a single bubble freely
rising to an interface.

The configurations are shown in Fig. 7
Triton X-100[9] is used as the surfactant, the physical

properties relevant to surfactant transportation is: ks¢ =  Fig.9 Interface concentration profile focused on the
50.0[m?/ (mol - 5)], kae = 0.033[s™"], fiim = 2.9 X liquid film area during the liquid film rupture
10~°[mol /m?). The dimensionless Langmuir number to process in surfactant solution with a Langmuir
evaluate the the ease of desorption of the surfactant La = number of La = 15.

Fokaa/kae = 15. Therefore, the initial bulk concentra-
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The volume fraction profile during the rising of the bub-
ble and the generation of the liquid film is shown in Fig. 8.
When the bubble started to rise, the bottom of the bubble
became flat. At around ¢ = 2.0, the upper part of the inter-
face of the bubble approached the horizontal interface be-
tween the heavy fluid and light fluid. As the bubble contin-
ued to rise, the liquid layer over the bubble became thinner.
After t = 5.0, with the drainage of the upper liquid layer,
a thin liquid film was generated. The thin liquid film was
kept stable until around ¢ = 11.0. Since the present simu-
lation used the PLIC-HF method, the influence of spurious
current on the liquid film is greatly suppressed. Under the
influence of gravity, drainage continued and the thickness
of the thin liquid film gradually decreased. When the thick-
ness of the thin liquid film reached a lower limit, rupture
occurred on the liquid film at ¢ = 11.11.

Fig. 9 shows the interface concentration p rofile during
the liquid film rupture process from¢ = 11.13tot = 11.27
with an interval of At = 0.02 when the Langmuir number
was La = 15. It is observed that the upper rim on the left
side has a later generation time. It is observed that, during
the rupture process, the interface concentration is low at
the point at which the rupture occurred, while the interface
concentration is relatively high at the top of the interface
concentration. This distribution can be explained by the
motion of the liquid forming the liquid film. Due to the
gradient of the interface concentration, the surface tension
coefficient o is low on the top and high on the left side.

5. CONCLUSION

In the present study, a AMR-PLIC-HF method is pro-
posed and implemented by GPU parallel computing. The
PLIC-HF method was applied to a tree-based interface-
adaptive AMR mesh and used to simulate the generation
and rupture of thin liquid film. It was used along with
the WCS and the evolving pressure projection method as a
fluid solver. The accuracy and efficiency of the solver were
verified by benchmark tests including the single vortex
flow. The processes of liquid film generation and rupture
with surfactant transport and the Marangoni effect were di-
rectly simulated.
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